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FROBLLIM  SOLTIHE

1. Beaorsl hau-infisg

Therg in a Durposive Sereica from which oo Zully pwoiee srimAl s [ozm, It
copaisks in m -ead ficas to perreive aml Lo ast, or rore gemarsl_y speskting Lo matce
penae of its owen aitustion, botk fptallectually ard preelically,  Foop theds rowting
effurts ta metein contral of ifeelf ang 22 ita gurromiings, Wooonn asa emcrEing =
process of prohlem solving, whaa whc effard Lunda to tall irte tws sloges, a fizat
stoge of parplszityr, Follesne] wy & sacond stage of dolmg Aand pereciving wkich diapsl=
this parploxifsr, We may &y = ‘e srdral hes sesn & problem if its psrplexity
lama for come tims and we e clearly reccgnias that 1t Tries <o I'ind a soiutior te
the situsiion which pamzlas it. In deing eo the pricel is masrchirg for a higdoh
sapect of the sizualicn, <he zwisbence of which it surmings and Jar the finding ar
arkicring of which the munifast featurss a7 tha wituation asrva AT oas tentative cluea
or in@Erulciis.

Tz =g ¢ preblen 13 & defintlo sdditina io kocwledgs, == guch 22 i in ta eea =
bpas cr to Bee o cobhematizel proof or s joke. IS is = euwmmiss wkich ean be truz or
falee, depuhdirg om wis For tie aiddon possibilitics of wiich 1T azguces ibw uNistence
do eotually axist or not, Tu recogrise s problem whish sor B golved qul iz woerth
selring in in fact a disgovery Io its own rigat. Femms metoeietical prohless here
descwnded Peom csneseTion to gunoration, Ieeving In theic weky & loog trall of

x aohievemerts siinilated by lme attezpt w3 oclving len. Locordioply, a5 tha level of
animal skporicents, Wi osos She puvehclogist defchstratine 1o the apim:]l 12 RTEEEDCT
af o proslew in order to stacl it off iz search of a spluzica, 4 rat im e Aiscriminetior
box is made to meeligg toak there is food kddden dn ooe of T compariconte, both of
whinh sre soecosihie By pomiing epen ZLe door,  Coly DT he bas graspsd this will he
ates, gmurching tor a aiga which dieosininatse the door witn fond bendnd it froz that
of the smpuy compartmert. BSivilarly, anirsla vill Aot shert solving a mezo urisEa
ey are made ziars of the lecy that tasrs cxiats & peth Throusk S, with scme pewsod
o its outloh, In dckler's fimeighe? oyparimenks his chizpecscos sresped thalr problem
Frea the sters and merred thelr aporeciation of Ghe Sask Sy compozire themeslvaa
gaietly o conventratz on it

fooidenl usnally plays some zervh in Alsoovemy end i3 pexrt may he predozinant,
Loarming seperizents oon Te a0 arranged that, in fhy checiios 2 woy delindt=ly wilsr-
stood problem, discevery can only be accidental. & Hochanislically afaded
perchalagiasa was dovise sush oxperiments wrld explain 23] laerndng ss U luddp
mibonme of undem bebawioue,  Tais soncephion of lewrming srderlies elow tho:
ey bivias codel of & machine widch Hleamre! by swlocting = 'hebit! whish has
prowcd succesafnl in A series off xeulom trials, I &mmll dispugard thiz oodel of
heurdiaties and oontimme to caploee the arecesa of LioCovery regulting frioe intellig=at
effors ircopective 2f iho mev=al wndel thal may be propadsd for 1,

& Iielligeat problem—solving iz penifected emorg an‘mals wost drmaebioally in
Konior's seperiments on onimpefscos, whosn oenaTious ol resdr urusents ke cherasterictie
atazss threugs Which, aceording te pinpand, diceowarr Zz achizvsd in mathamaties.

I naws elrpady mentloned thke fdrstr  the agpreciation af a rroalim, & chiggEnzes in
A zpzs within sight of e bunch of bonsnaz oub a” ite Tocch, noither saoes ary Tukile

1. Outasle apd Harbon olaced o =t Lo eege in which o alell nele plooed in ke
midzt of the Floor acted as rolesse rechardsm,  Ceve who smd touahed tha pale
Ty morident wod [eed themselvoy [reed In comssjquence, cuickly moelieed the
camnegiion snd proecoded Lo mepeat sip relessing aaticn in oan sxaclly
glamsotype panner., The sitasticn in which the cat was placed o7 farad 29
intslliginle preblem to fhe rad mnd the solwbian, found aecideulslly, abowcd
cva oloar wderstandine of the sclagee auchobiamg the role pluyed by inbelligencn
7 tha wiule procass waz acgligible. (Czap. Tilgeml, Thesries of Lesreing,
Few Yurk, 1948, p.fal. : :




effort to et hold of it by shewr forcs, nor sbandoas isa dosire of scquiring the
prisc, Wt ssttles dewn dnstsed fo an wnmasae] ea’o, walis ite ocics gurvey the
situntion £131 powead Lhe t.a:g._r;!‘.; it ka3 recogrizzd the aitaation a= troblamatical and
in gonrgking fer 2 solutian. - W way ecknowlzdws this {using the terminclogy of
Wallas tesmed oh Paikcard) as She atags of Preparstion,

In the most at=iking rasea af linsight! cobaaried by E¥hler, tkis precaratory
shaee iz suddanly forlcded oy Imtelllszcnt cotdon.,  Sharsdly bresking Itz calz, the
ervine] proecods §0 carry out a strofagst by wkich it sscumes ite alm, or ab lesst
shows Shat 15 hes grasmed a3 pranciple by whick this can bBe donc. e abeaitstine
manner auzgeots woaat Lt Le ealded by oo clesr conaeption of its propoasd cperatiar,
Thia consoption is its éiacovery, or at leest — zince it wey not al¥ays nrove
practicebls — Zle tenlotive digoovory. Vo may regognise dn ite cooing tie ulsge of
Lilyminatior.,

Tae nrectiosl realimation of the principle discovarsd by dngight often peuvcofia
difticultizs, which may ever prowve wswrtmerisble,  The wAnipulations by which thsz
grdzal muts hiz inedghkt to the tast of preclbical qualisaiion mey b regaxded as the
staga of Verillosvidn,

Aztuallr, Foineard chserved [our stases of diacevesw: TIraperasiza, Ineubation,
Tliwrdiaa®icn, Voriteation, PBus the second of iheas, Incubation, can he anssrred only
im 5 Tadimentary fomn io chimpecegca. Yol Lhe obesowalion deagrdbed Za amme dotedil by
RBler ir which oo of hie ecdsuls saetained ite offort by =solwdnz a probllem oven
wallie sthorvise osoupled for 2 while anficipatoes fc a remwrishlz extent the prlocsz
uf Impubativos  Lhel cwriows posistance of heurisTic toosion throwgt leng pericda of
timy fapirg which <he probler is ok sonscdowsly erforboirod,

An extomsive prescoupaticon witk a probles Impasss on cmoticnal stradin and o
dimeovary which m=_cazoes froc it iz A grest Joy. The alory of Archimzlsa rushing oot
fram hia hath izto the airests of Syracasc, choabloe "Teurska!" ia a witnoos o thieg
ard tis scsount I havs guoatsd from EBhlor of the wesy bla chiupansons ohswsd hafors
ard sfheT aolving & probles swgzeets Lhet they also erperionce such emodivues, T ghell
chow this mors definitoly later. I =enbiom it mew oely 5 maks clesr TShat nothing is
a problem or discovery in itgelfy it can be w groblom only if it pazzles wod wWarrize
gomeboldy. sl 8 discovery oply IT 1% melisves accebody frum tho burden of a problez.

A ¢hpsn problse mears nothing to e enidpansos e tooay iThecils and hekbec dees nat
puzslo thom; a sroat chesa wRsisT on Shs other haod wey Fall fo B oameled by it
boonuns ke finds ize sclutiom without slffort: only a player whose ability is Ahout
egual te fas groblem will Find intemse preccenpation fn 1%, Cnli sush oo playes will
appraciate ite solution ez & disciwery.

1. HThe wpoukesh improssion on ths wisiber {writes Thhler) was osde whan Julfan
tede a pEise. soratehing his head leisurely ard act mowing snything but Lauk:]
a¥os ami vory slightly his hesd, serutinizisg the situasicn zround hin in
the nimateet detail,®  Tas Menlslily of Apes, Tondan 1927, 2,200,

2. G. Wellas, The dvt of Thowdis, Londaon 1946, p.40 T,

3. 4noene whieh for = while had Desn ses-chite for o Socl to raks Loos punch of
bansnes Iyice outaide its cese, and had made verious fraitloes attsmpra im this=
dirvetion = such ms trying to bruak of T o boemd from the 1id of a waodon omse
o sitbire gat wizh o stalk of straw in Ghe llecotion of the prise = had
cporontly apendonsd ke basi alfogsther. Ik weal on zlaging with one of Its
Foricmm for shout 10 mirwkss without tumdrg seain <o ibe bensnas catside the
coze, Then auddonly, ite attention beviog becn divordsd from ite gone by A
shemt manrhy, ite eyus hmpponed to fall so s sting zStuchad to the soar of the
cege awl ol cooe it went for the stick &nd Ty jumpinr up o aawler of times
finnllF sccured it snd henlsd in ke banenss by fls pid. We mey taso this fe
abey tbet cwon whilie othemidiss ceoupicd She snimel kept its wrobleo elive
"ol fiw back of fte wind", Kuuping is reedr to prunec an the ins tepemta af A
sotation when they ramsaaed to 2oet i78 e, Eoidor, op.oik. pol84.
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Tt sppeamrs possible <o sppowies ths cospaestive hariness of & proolem cmd to
toat Yho inielligencs of eubieaia by theis snpecity Tar arlving orzblags of &
aortain degres of hardness. [he irbellimerncs of Shimpansoos aed Che hardacsa off
certadn proorlzns wers bobh succassfully asse=asd by Hehdew when b dorisrd a gerdes
of problums which ame of his apas could polve with some effoTt wiils thors smong
tre=z asally Failaed sliogether to do so.. The succoss of Tericis ir gothing problams
to sarhoworma |Wbich thosa cobld sclve aftur cheut a bund-ed trizl=), ahcwa that he
could saacms oven muod cXbremsly Lo powers of intolligence as wesu poguived Ders
from the sarbhwor. Editors of A cresawert oolumn undertalss o simitar feat din
suppiying theiv rsaders With a steady sirsan of slWays cqaally AIFrioult problews.
Wiz maw eaneimée that while A zroblsn must alvers be mzgardod od toing n zreblem to
soms zind of poraom, it o possitle for an obsarror cellably fo recogtiiac it As
guch in reapsclk o identifiable porsona,

If an akizel who has selvsd o provkso is placsd ence more in Lo ccdpinad
situslion, it procseds unhositatingly o cpply tho solutilon wkigh 1% kai ordginally
disernseed at the coot of muan affert srd verhsps sany unsucccsaful irials., Thia
shows that by solving $he probles the sniasel hes acquived o-new Intellcclusl pawir
which prevanls ii Cron being over again puseied By tae sroklom, Inztoad, it con mow
deal with thoe siomatien dm a Tewtine =worcr iovelving no hsurlsTic fension and
aohieving ne discovery. The preblem hes cvwsed to existd Tore it.

This irmevarsible cherretor of heurlstio sota ia impartant, 1% suggeswn Ghat oo
aclution of o problem cun be secrsdiwd as a diacovery if 4t is achieved by a procodurs
foilowing defindita rales, For suoh A procodars would bo rorersibia 1 whe somso that
it could be srocsd bacy stopwise to iis begioning cnd repeatol] omez morw any wambie oF
timee, lilss euy eristosticsl cenpataticn. hrrordlingly, any strietly foroukised
oroeadnrg wonld slso be sxmeludec s & meens ol schisving diseovery.

It wrald Follow that true discowewr is not & atrizily logical: perfoTmencc.
Leporéingiy, vo may demeriboe the obatacls Se Bs oveTooue in solving & prohlem 82 4
flomical gap’, and speak of ihe wEath of thy logicamli gap as the scagure of the
ingemuity moquired for solving The praslaw, 'T13unimllon! is thoo the lcap by which
Lie logiosl gep iz crossed. Ib 23 the plunge by wlileh we gain o “nothold et another
ghors of roality, fm steh plumgus the seizalist fas Lo ghaks bit by bilk his enbire
prafzgaiomel], lite,

Ma width of the Isgical sap oroasded by an invenbar 1s subjoct 4o lupnl sagosgment,
courte of duw se callod upoe bo doeldsr sbather the ingetnity displuyed i a anmesatad
techrieal improwssent iz high cnough to WwarTani its rogel eoognltion es on irvepiinn
or ig merely u routine ivprowemenl, achisved by thoe eppiienticn of knowe rules of the
art., Thoz fovertior zust be acknowladgsd in ko mpredictable, a guelity which i
aszucsod by tho intonsity of the surprize it aight raszonably hevs creansd, This
wiexpectodrass carTespoads presisely TO the presecca of a iogles] mmp bhotwesn tha
antoocdent krowledge from which the imventor atarisd sl the comswequent SiscGTery
a% whizh ha. aryvived.

Beteslinhed rulse of inferomcs offar poblic pathe for drowing intelligent
conclueicme [roe exissing knowledge. The plonder cind wtich weaches its own
distimetire comelusions by & lewl SoToE2 o lagical gop devialos from Lhe comnon Y
acceptod procesz of Tessoning to achicys surprioing mssults. Zuch an aft 15 or-igital
tn the sorso of malding o new zlart, and The capecity for fodtiating Ll ig tha gift of
originnlity; a gift posscssed by & enall micority.

Mnee the Roentic scvomert originaiily h=s bevposy incroasingly ropcgnized A= =
mative aploweont Wkich slons epablea o parscn Lo inizials or . zeacnbisl igasvetiof.
Toivesastien sné indusbrial resossehn labiraborisy LTG Founicd todny an sho erploymenk
af marsons with originsl mivde. Pesmareat oppalnioants are gilven So yours reiantists
b wye crodited with olgms of originelity, in tae sxpectation thut ther will zontimes
te preduce surprifing ideas far tio Test ol their livis. :

1, M. M, Yerkoo, "Che Inbeiligenes of Farthwomes?, Jour, anin, Bebow,,
wol. TT (1812), pp.392-352. of. K. H. 7, faler end T Hchncirls, FPrinciplus
of drdzel Pogcholomy, Bew Yoris rnd Lendan, 1353, = L
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Admittedly, thore are minor heuristic aasts withdin the wowar of ordinory
intelligenne wid Indoed contizions ¥ita the adaptd®e copapitics o Llits dowh to its
Iowest liwels. The dnferpretafivs fremcrerc of the cducassd cing de over ready to
acpt 2mmewhst novel oxrparicacez cnd Lo des] wilh iken iz a3 secewhet revel pannsT,

In thiz seh=e mil 11fe ia codowsd with ordgdnsli~y snd oardeinality of a Mdeohor emder
1o it e =magmirficd form of 2 oamdversal biclogicenl zinptivity, But zenius makcs

coatact with meality on Aan exceptionally wide r=nged by sseing prable—s end reechivg
put to hidden posaibiliziss for solwing Lhes, Zweo beyond the anlicdpabory powsrs of
ourrent conpeptiong, HMorsover, by daploying such pofers in an erceptional gsasurg =
fAT suTEE=aing fur twa 52 cndookors = the woole of gondus offaTs us A massise
donaratreSiom of A ercotivity which sumot ba explained in other fozms ncr tokon
wguestioningly for grented. In canfrontation with gondue w2 are fovesd fa sckmedlsdge
the ariginative powsr af 1ife, which 2 might and cooconly do orsrlock in ite ubdguiliouns
l=sser amnifezatetiona; for by safirzy resoect to arothor poreor's Judgment a2z superioT
to our o, woe emphaticsllr solmowlsdss originel Pty in Lhe sooss of @ gerfommanes bhe
procedur: of whick We cencot azucify,

Tr choosing » problem the investigntor taess o diclsion freusght wish Tiaka, The
tmsc may be imzolukls er jusk too éifficadi. Tn fthos mnac his offort wWill be wastod
ane with it the offcrt of his collshoratars, ao 7all oo the Ochey S2ont on the whole
projecs,  Sut to play sefe soy be eowadly woaotofal, Fedloore reeults azs av adueguato
return for the omplevoont of wish gifse, apd mep oot even rapey the noney spont om
achieving them, 3o ibe choice of & preblem szt not only antleipase sonething that 2o
hidden and yot nzé inaccessinls but elec assces the irwsstipstor's cwm adil ity {and
thoge a7 his coll=boraters) sgainat the malielpatod hordness of thc tesk, and meks o .
reaacnebls guead s to whoethor e hopod for caluticn will be worth ite priec in teros
of talent, labour and meney., To foro sush cslimabes of The approRinets feasibility of
yut unkmosn prospootive procuaduacess boodiog Lo undmown progpsctive results io the day-
to—day respoinelbility of anyone undsrioking indspendent scdantiflc ar toeonnical
Toscarch.  om osuchk prourds As those bz et evon edeoero 3 oucher of Aiffuruel
sugmesticne and aslect from ther Cor alback the moet promieing problsc. Yot experiercs
shows towt eugh o performanes ‘& posaible andi cen sven be rolicd upam with a
cenzidersble dagree of probabilily. 2

2. mouriatic mexing.

Thers are hree maior fistds ot knewlodse in which dizcoveriez are poaaiblod
natural scisnce, techmolegy and mathomatics, T have referred o oxanplds from esch of
thege flelds o 1llustrate the actieipatory powoos walch ymide discovery, Thoeae are
clearly quite aZcilar in ell thros waecs. Yot the efforts of phllosophers have bowh
plmoat whelly cencentrated oo Sie procesa ol sagirdce] disecvery whick andorllss the
ratoral dcisncza, Evar zinca bbo riss of acpiriciesm =t the farn of <he 16th esniiry
philcacphers of sclienco here beesn presceuwsisd with an affemnt to dafine and justify
the process of induetion, while By contrast, noboly socie 5o Wave teied to define end
justify b proccos by which tochoical inncvetions are made, ss for eFa~ple when a
now maching is irvented, 'The procces af Aimcovesy in mathoomiics hes reeeived sooe
ettontion, ond has recently been otaskied both from the logical and perchological
poins of wisw, but nelthor appeosch bes radaed eny opietomologicaf guesticns parnllal
to thoss so sedwlmely pursusd for conbirizs in corcectisn with encdrica indusélan,
It eoeos to os that eny sericus att=pt $o analysc the procsss of discovery should be
sutficiontiy goneral 2 auply L0 il three fisids of sysbemetic dmovledze and T anould
liwe to oeke boro o possible comtribusion to this progra—e by ddentifidng and
ackamilsdging the nowers oa whick we rely it geiving nevhscetbleal problems,  For
reagone of suAca I osiall cxeluds the imbssy of =ajer dissevorios which affen iavclve
aeifical iong in the foundations of mathematics anéd shall attend aney to the e af
preblems thst ar: set to atudents in temching e esthenasiza.  Ginee the solubion
of thess tribleso io nos oo To the stelont the coocess of finding it boore whe
marks of a diecovery, oven thoueh it imvelvaes oo fundensccal clange of cutlooks

The fart Lash thi Scmching of sathematics zoelies Loaviiy en prootice, shows that
sathepatienl moawlsdga cur b oo umired ey by develundng ob ark; the art of golving
—othematical .robloms. Thes 2ate de o oot suly of ~ethemmtics and forzal logie,
Bt squally alaz af a1l mothemeticel suletices, like dechanics, oluetro-dynantes,
therTzodynerics and she methonationl branches of onginecring; cannot mAstar 2oy of
theea aubients withous workirg out cmerTets proklons in thaw.  The arh you atrive for
in sueh praciical courscs ig dhet of comworting a lznguage, o i‘:—x:_‘ omly :—au&'::d‘;x}raj_.y
agsimilated, irte an affective scol dor interpmitlng o m wublect matter, whien In
thir ceee pengicots in eodwing vrobleors,
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Thas the pprocss by which cathematies 1s '.-‘3.1-1.'51!.1'. anups cuow pone et the solving

of metheaticnl probless io a houristic not which lesps aerces o legical gep, Thile

wi zamob oxpecs t23 find eny esrict riles for porforming such me ack, wWe Cey oxpoct 1o
dingover curlein ralee of art, the iotorpoctation of which iz ideelf o prot of the very

art fer the pureuit of whick thoy offer us guidancs. This is confimed by the feek
It ia

thet the swxine of provlep-solving can taonsclves te learnt woly bF prociiod.
indeed chave all she srt of Acurisbic reasoning thet the practical teaching of
mathproafics seske to fopart. Thiz scemz to ke clearly proven by thi camprshene

etudiza of @, Balya cn the subject ol walkerstical bzurtiatics on which T shall lean

hiovily for thisz =tudy. 1

1ve

The minplezat bsuristic offort iz to ssarch Dor an coject you have minlaid. ‘When
I ar lockdng fror my Foantein pen I kmow what I sspect to Iird; 1 oan neme it ang
degomite it, Thouse T koow cmch more sboat my Fouwnfain pen then I ocan over recall, and

do oot know sxactly whore I left it, the por s olesrly snown 2o nooand 5 ko alag

that it iz zomewhere Wwithdn a cortain pegiom, thouwgh I dx not koo whers, My Inewledze

of tha shing [ an locking for.iz muso lusa cmple when I en locking Tor a wowd fo £it
irto = sresmiord pusels,  This time I kmow enly thet ihe adssine word hae & certain
marer of ratters and deaigpwics, Tor emanple, sooatalrg that ig badly esuded dnthe

Feharn o flowe out uf a oentral ohimmew, 'Mess proreriica are mersly elucs o a Word
oror ¥

thet | defintaly de a0t mnows cloes Crex which T must irzy Lo geln an dncioaticn of

whst the unlmows word mey bo.  Again, & meme dhich I knew well but camact roenll st the
mocent dies soesvmore helfway batwesn those Swe cases, Lt ia pove ologaly nregont Lo
my otnd then the uoknoen solubicn of o cvosewerd pussle, bud leas cloauly pothaps than

the misledd fountedn pon d its unkooen lopaiicon., Mathematieal prrblema Are In the
alamy of eroncwcTd mumzlez, for t2 salve such s problen we mzet find {or congtrust}

gomething that we bewe newer ssen hedora, with the given dete =erving usg =s elu=a o ik,

A probles may scrib of o systenstic sclation. By ranascoine oy TIn Znch By ingh
I =my teen sure of cvemiually ficding my feuntain pen which T %mow to be aosewhese in 1%,
I =wight salvs & cosss problanl by treing out ceshericolly all swmbivalion of measible
moves snd countoooves. Spstomeiiz cothods opply adas o pany mashozetigal preblema,
though wsually thoy sro fur ian Tnborimue S0 bo cprrizd out 3 practios.” It fe wloor

thet amy such systomatic aperation would =eich & aslublon without crogaing 2 logicsl

Eap ond would not constibute a heurdistie aot.

The differcoce boseoca ths fwe kinds 22 problen solving, tbe spetematic amd the

bouristle, roapocors in the fmeb, thet while s systacefic cueration fz a wholly
doliberste A2t, A bowrisiio procesa ia s conbinetion o2 2ctive snd Dessive glaga,

dalibsrete hourlstic sctivity iz perforeed during the stoge of Frepavetion. I thia

i3 followsd by = periosd of Inawbation, nothing is done snd nothing Papiona oo t

b

A

jercl of oooasicusnoas Cor this tioe. Tk edvent of a bright ldon (whother follmring
icmedistoly from Procvoesion cr eply aftcr an interval of Ineubation) 1s the fruid of
the investlgateor's aarlicr afforls, but ros itself an ectior on his part; it Just

boppene to hiz, aod sagein, ke testing of She 'hright idea' by s fomml proccea ot

Verificatisn, is another delibcrato action of the imveatigetor, Hewower, the decislve
st of dizcovery must bave occurred peforc triz, at the modent when fhe happy thmght

arcread ..

Thaagh the sululicn of & pretlen is soocthivg we bave never met belors, yot ime -
the hourietic procems it pleys a part sizilsr 0 the mialsid fowntain pen or the

forgotten naro which wo kmow cuite wall. Wo are looking Cor if == if it wer: thers,
pro=ceiztent, Troblana zod o owmdsnts srs of courss xmown to howe A acluetion; but

tha balief thet thers exissa & hidden silusion which ws oy Bo sble lo find, 1s

smachtial alsc in ecvisesicg cod working =% 2 yot unsolved probliom. It determinca

also ths wonner in which the ‘ksppr shoasat! srentaslly rrosents itsell as sonsthing

inheeemtly eatisfring, [t i@ not ope Aanomg o groat oy ddoss 4o be ponderod upon =%

1. 0. Polys, How to Solve ih, Princetos, 1925, and Methemaiics ond Flevsible
Reason'neg, 2 Volz, Londos, 2354, ;

Pangtratizg chesrvatime on preblen selwing hewe also bocn gomtrioatezd by
perchnd cpists, mainly Duscksr znd Werthalioer,

2, As M. CTuring iscia::ca Hewes FL, 1954} hog asmputed the mambeT of ar engcmenta thek

wolle s to Be swrveyed in the proecse of aclvirg sysfensiically o voIy corson

forn of paszle conolosdng «f eliding solmrss to be rearanged In oA particelar wey,

Thes aurbse io 20,502,750, 868, 000,  Workisg contimgously coyf and night zal
ingpagting cne pueilior per mimita the poocess would tofe 4 million yoars,
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icdanTe, bul vne which carrics comvicwinon Trom tha gtuark, wWe shall soo in a meexnt
fhat this iz 2 pocousary coomeqronne of Lhe way a hevriakio atriving ovokes ite owa
somenrmAsion. Tf tee cloge analysim of Lhis prosess I e2dll now AUrm.

L preblom iz sn intollestusl dosive (= fquasi=need' in K, Lewina terinel ogy )
ané 1ige oeery dvsire 1t postulefee the cxialover of aums laing that can sofisfy it}
in the s=su of u problem iTs satisficr is i%8 solullsn.  &s all dosirs stiznialue
the iwegmebicn o dwoll on the cwewrs of 2atiafying i%, asd im afirred ap in ity tere
by bhe pley of tho loagimation it has o= ieoed, mn oAalse by toking inccrest ina
problen wo cinrt rpecublsting about Lt wresibis seluticn and io dcing 2o Boooms
furthoer engeozaal in the problom.

Chessaion with one's prellem ia in Facl the sainspring of =11 inventiv: Fower,
Adkod by bia pupiia in Joet wbet thow showd Qo S0 hesdlo Fg Parlind?, the m@atur
ammicre? in 211 scricusness:  Mget up fn the Terning wibh your srobdes befors Foid.
BrosicFaal witk it. Go to 37 labomnbeovy with 14, Eat pour lereh wd it. Esop it
befory wae after dioner. Fo to bed wish £6 In poar saind. Tresn abowt it,w b Ik
1z tao anTesdbtire orsorcupetion with o probles that lsmia o genius 1%s @ srbial
capesity for towing icfinite paind. Ad the intsnaity of our preorcapaiicn With a
preblom genz-atas wlsg o pover for manpgaTising cur Fhonghts succgasfally, Ttaoth
during zhe hours of sesrch end afterwarls, furing a pericd ol voes,

But whal is the chiect of thism iolonsive crogccupation? GO 2L be ecmeentred
ouT o-sonlicn oo sosctbing wo den't dmewe? TS this in gcrocisely whot ws aro told to
dn: "Mook =t the unkrownl? - sags Felya P Yook al the end. Diomecher yoar aiu,

To not ice: siget of whab i3 Tequirsé. Hogp ir sind whe's wou azwe working dor.  Look
st the umimown., Lok af the soelusive.” Ha asvien could bo more capbatic,

The couslng paradok fs sosolved by the fast tant oves though e bowe nevso aed
the soluticn we gave o conoeptich oFf 1T in usTR Soosc A5 We hoawo a oohewgtisa of
o forpetten wege, By divectirg our atsanlisn oo & founs En whick we are subeidiardly
oWaTe of all tho parbiculers that zendnd ws of the fowgoitin @mame, wu [orz & conesrtion
of it: and likewing, by Tizius our ettonticn ow a foous in whigh wr are aubsidiacily
smeTe of She dpha by which the smolutics of o provlen ia detercined, wo fore &
copccnsio of Hdd solation.  Une aAmealtion to look bk the voknoen rselly means thak
we should ook a5 <hs knowm date, not, howsvep., in shessolves, but a8 ciues To tha
vnknown; za ooindess feo it erd oarts ol 1. We ahonld —aoa cvery affort fo focd our
wWay Lo oo wndoretwcding 5f the donnee in whicn shesa kpewm meepieglers baag bogetior
Tolh miuslly ond with the uilmaown.  Thms "‘1?‘33.., Eﬂ'ﬁf@ﬁaﬁﬁ A0 i3 meelly thers,
gmaantinlly dstemmined by whet 1s kmewn sboab 1%, ané able to setiefy all che deasnds
wage oM it by the problec.

A1 our schossts nns lwy e bearistic powsTag bhey ars ever ready tn ifentily norel
instances of cxpcrisnce by nodifylng Themselvis so Al o ommpzlac them, Ll practice
o cldlls LikeWive 19 Pmrerfives by eopcontrating car purpoo. o hhbe achicrement of
qucress wo Cvoke YT new copacitivs in cursclvam, A problau parsakas of both thoss
types of sadsavour. Tt i = comesplion of ammoshing we urs atriving far, Ik is =n
ipEallectue]l draime far crossing o logionl ghp oo ihe ether 2ide: of which Jdsa Che
prmorr:  fully cwried ool by mur conseptiog of it, shoagh &8 wul nevsT gooh Iin tacll,
MTh= sereck for o gelutinn conslists in cosfing abeed with thls purpose in wind. This
wo o bF performing Seo aperatisps which e alwsys bo STiad J2intly. Yo must (1}
pet out tho problon in sultabls aynbols snd eobbinuouzsly reorgrrlee Ite mpprosentatim
With 3 view fo oliciting somc thow suggesbive aspuets of it and concurrently {2)
raparol our mes vy Tor any similer peoblan of whieh L solrsion ia lmown.  Tha soops
0? theme bwo cooretions will asuelly bo 1vitec by tha atudentts twornicsl Zaollityr
for lrenefaormicg bhe given data in di0forset vays ol By thre runga of gomiEne troceensa

with whick hu iz acqueintzd., Dub hi=: sucouss will dwperd ultimazsly on bis oapacity

1, J. %, Doker, Boiwenes and the Pianged #:ata, Lovdmn, B445, 2.30.

2, Mply such troblen? oome lack igprewid eftsr o et dhooo golutisa wa pazslenately
- dpoipc fmd For wkish we hewe worksd with great Leaeiom" writes Palym {cpe oita.
w212},

%, ibid, p.112, itelies in bae exipinal.
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for zenzing the preasnec of yet wmrerealad ligica® rolaticna betuecsn the conditions
of thi problen, the fhoorcms keown to nim, eed the wikkown agludien he is Iooking for,
Melzss hiz ecasting abous ie ewidod Wy & reliatlo semse of growing proxl=ity fo tho
solufion, he will make no progross towerda it, Conjestures mada st random, cvan
“kongh following tie best rulus of hsuriasics, would he hopsiessly incpt and tataliy
Fruitizse.

The proczas of salving o mathematicel preblen cortimucs to depord thapefora at
every stage on the =ame ability 4o anticipate = hidden potentislity which enables tho
gtudent 40 oue & problew in tha first plece end a2t eut to aclvo 1%, Folys haz
fonperad 4 anthemationl dlscsvery consisting of 2 whele chain of conscousire Bicpa
with an arch whors every stonc dopunds for ite stability on the praszcno; of athera,
ard poinftod oot the paradox that tho etones are in [ack #ut iz omg at a8 tioe, Again
the purader ia reeolved by the fact thet eanh sacessaive =2te] of ths incorpleto
soluticon is upheld by the Beuristic anticipalioa which criginslly evolred it irventico:
by th2 fasling that its snergeeey bas marroved Qucther <ic loglosl zap of the prosdsc,

The growing sens=e of oporcaching o the solutfen of o provleo cEn ke oecmenly
exparienoed wWhan we erepa for A fForgpotton pa-e_ Wo 230 Lo tho sxedting sensg of
ingressing prewinity to the misains werd which e uay aonZldontly evmress by Asyings
T shall rersmber it in a oomont? and perbaps later "It is on bho sip of oy hongue,®
The expectation exprossed by such words i oftes confimed in +he aomenb, I belicws
that we shauld likewise aclmowlodss oux capecity both o sunse th: accessibdlity of &
hiddon dnferemoc fram givenm promises end fo irvenl trecaformazicna of the premiaca
Which inorcoma the aceessinility of the hidden Znfemercs. Wo abomld reagerlsy thet
thiz forakrowledz: bisszes our guoszey 1n vy right direstion, as that their rrobability
eF nitting the mark, whick would esherwise b2 meTo, booomos os hizh thet wo sem
defini lely raly on it sinply o0 tho growmds of a student'a intellleomse? or for highor
perforoneca, oo the grombda of the speeial zifts negansord by the profosgiomgl
matheustioing,

Ti fesling lhat thz logiosl zup sapsrating us frow the sclutisn of e probles has
boon reduncd sosma thot less work sheould Tcmain to be done Tor solwine it, T ooy el:o
mesn ipab the ToEt of the sclution will be eorpeyutdvaly easy cr that it nay Tresent
ltzalf without further cffort on our ety efter 3 pericd of mest, The fact fhet our
inta! cotual striviage moko affective Progress during = pericd of Ingubetion without
coy 2florh or our purt ls in line woth 4he laters$ character o =17 mowlcden. hs wa
eontireously mow & grest mary things withouth alwsypa toickinge of <hen, so wo raturelly
8z ko o0 desiring or fearing 1] fanner of things wi-hmat atwzys thinking of thoo,
Wy lnew how o g0t purpose Day result dn Acsion duliselically Iatar, as wheh We o o
bed rezolvad t0 waite up at a eertain hour. Post-lyrprotic sumguatiens can =35 golng
latont prooesses which coopuleively mesult aftcr o rusbes of hours in the Darfornenoa

wtnd of the sabjont.l  Mra, Zeigaraik aac shown thas unfinishad taska centinu
Iilemlas by prececipr us wiemseisusly: taeir ncoery rersista mfer flndaked taske are
f'nr;:,-'ﬂ'l:tEmE The fact that ihe tearsien et up by the unfinfelid lask contizume o riaes
Progroeas toverda its Palfilment, is shewn by the woll loewvn expsrionge of sportsoen
that & poricd of rsat folbewing on & spoll of intenzivs trsinine produess an irmmrovranens
0¢ gkill, The speatenecus sueeess off the soureh Tor o foTgob®en nare o Tor the
sulntion of o preblem, aftor a worisd of guisscsnce, falls in line with trdis axperlcnes,

These artocodenss explzin alas the mannes dr whish lhe finsl =ucocss of problsc
eclving will aunddenly sct in, For each sbop, sisikar spontancoms or censrived, *hat
bTigs ua ceaveT It tha soludion dinerecses cur precooition of ity Frminity ard brings
a mare coteebtreiad effort (o beur vo = reduced legical mep, The loss staze of the
solution Doy therelore be frequently actioved in a self-asonsleratbing mmmer and the
firmd discovery Cwyr be voon ue in & $leah,

1. ©f. E. dch, "Deternining Tendencies; Awarensss;™  In D, Eappeport, Creantsstdlar
A0 Hatholooy of Thowsht, Wew Yark, 1952, p.l6 Ff.

2. ¥W. DL, Ellis, 4 Sourcs Bock of Grainlt Paychelogy, Mew Yoris, 1938, p,J00-314,
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1 e 20id thot our heuriastic srevihgs iandw, liks sar bhadily appatitlsz,
ihe erxiztance of souething whiclh has the yropertiss roguired 5 sefiefy us, =od that
tns intimgtions which guide our striviwgs sapress this belist, But the satizfisr of
mir graving AA3 in shty sess ho bodlly existence; it is cob a hidden object but an
idss nevor yol ecngcived. We hope thet as We work at The preblem thiz ides Will oome
tn ng, whether all =% cnze o- oit by bit: and anly if we welieve that this soluticn
exiats cun be possioalely gearch for it end evake from qurgelves heuristic cheid
towords its disgorery, Therefore =& il emepgss v respnces to ocur esarck Zor socething
We believs to be hers, discoveTy, or supposed discovury, Wil always cope to wa with
the comvishicn of itas being trus, It arrives asevedized ic advanca by ibe heeriatic
craving Which evokad il.

The most dering fanite of criginmality a=e still evbject to wxda law: they muas ba
varforred ir bhe assuspbion Lhol bley eriginete nctodeg, bub meceiy reveel wbed is
thore, fod their triuopn confirss tais assanpiien, for whet lms been fmmd bears the
rarrc of realiky in being prestant with vet anforeseaable foplications. Meihawesdlieod
Esuristics, aizing af coneeptusl reorgerdsation withouts raference To neW experience,
cnoe more eys—wlifies in ites own wzres that snoindellosegdstriving entails it=
comviction of anblzipating Teality. It 1linstreies &lsa how this corwiction finda
1tacdf emmTizied by e eventasl solutic:, which Ysolveal oreefzaly becauns 1%
supceaafully claizs o reveel ch aseoet of realisr. 4nd we con eee agein, Fivalily,
that this vhole srocess of discovery ame eanfinw lion ultinazely relies on gur oo
gocrediting of our cwn wiedsa of mesldiy.

Ta ztart working oo = mathsomtbicanl wrsblen, we zeach for peneil And paper, end
throvehout the stage of Froparation we ksey Leying oot idess on puper in ter-a of
gymholic aperatisna, I thi= dosa opet lewd stwalskt to sucoeca, wo may have o thinis
the whals matber over spain, and nny pevhaps aee tra solutisn rereslesd mmaeh later
upexpecsedly in g noment of Illuminelico.  Aulucily, howewer, such a flash of triwnaph
usually offere ne saluticn, but anly emieagss = salution, which hez get to o tested.
T the verification or working eut of the colution we mast again yoly Therefors on
explicit symbolic cperatioms. Thus both 4he firet sctive ebope undartakan to selve o
vranlon and the finel garnering af the molutien rely effectively cn eompuiations ond
wther syobolie operelions, while the nore inforoel aet by which e logical gnp i
orceged Iise batween theee two fomisl procodorss, Howewer, the intaitive povers af
rha inmeatigator ore alvowe do~dinant and decisivwz,  Good netheoA-icisns ars uaualiy
fowad cepable of carryivg oub coopatosions quickly and rellsbly, for unless Chey
pormand shie bechmigue ther ong Yall to dwmke sheir dngernity effectlive; but thelr
imgeouity Dleell 1des in producing iceas., Hedemard soys that he used o moke mora
miztakse in caleulations than hia cwn puapils st Shat he mers quickly diacaverad
them heceu=e Lha reoudt did not lodk wight; it is alowsi g AT by his cm;[,‘ltﬁﬁicfs
e had been merely drawing s portrait of his congeptmelly prefigured conciuszlong.
fGauzs ia widely guolsd =n hewing zaids NI Bave nad oy goluticns for o bong time
tut T Ao not yes kaow how I eo to arrive at ther.! - Though ton gquotntion cay be
deubtfid it remains well said.© A situstion of this dnd certainly provails wrery
time we dimoover what we believe Lo be the solutiso: te e prewlsn, it this zosent
We nave the visicn of a sglution which domm right and which we ars thorefore
canfident to progs Tigat.

1, Hodansrd, The Pavehologr of Gomonsicn o bl Malhenasicet Field,
Princeton, 1945, 3,49,

2. lgnsa Arber, The Mind snd the Bye, Ceobrides, 1964, po4T.

. Aromi-edes describes 19 his 'Mathod! e mechanical procesz of gactmtricol
darmmetration whick carries conviotion with hin, though he ragamda ity
resalis as atill TegquiTing proof, wilch be pracesds Lo bupgdy.

3, L, Voo der Weotdon, Scismcs AWscendvg:, Groningen, 1952, p.d35.
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Tro nerner iz whica the cathensiisian works his way tmwerde discovery by
sniftirs his eontdidehee fron dntuition tu cosputation and beck sgain froo
cofipitotion fo intuitinn, whils never relessing his aold on eitker of the Twa,
repreaents in miniature Uhe whele raves of opsretisce by whicn artloglaticn
dimciplioes and expands the reasonirg powerz of won. This zltemation ia
agyrmetrical, for = fermal step ozh Be welid omly by wirtae of our lzeit confirmation
af it, Morcover, a ayebolic formslisa Zm itsell bul wo ecboldipent oF our antocsdent
unfomelioed powers; it ie an dnstrwoeot akiifully comcrived oy our Baesiienlate
seivez [or the purpess af »elying on it as our extertin gaido. The interpretetlon
af primitive ts1os and sxicma Z3 predasinaatly inarticulate snd oo is i Frocees
of their sxpansion abd me—dntereretsfion which underlize the progress of nathepetics,
& formol proof provss nothing untdl Il iodaces She beeit somricticon thet it i3 binding.
Trua the slternation botweon the intuisive aswd the fornad dopends oo tseds affismations
both at the beginning and =t the wnd o ¢azh enain of Joroel mecsoning,
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