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X1 -LOQGIC WITHOUT ASSUMPTIONS,

By K. R, l'oreee.

Ix this paper T shall ey to explain, with & minismam of
technicalitics, some vesults of investigations into the field of
deductive logic, The main problem o be discussed i the
problem af deduciion itzell more preciscly, the problem of
giving o salsfactory definidon - of “wvalid  deductive
inference ™, :

Our methad will be as follows 1 after having introduced,
in seetion {11, a few woxilary echical ierms, we shall
propose o cdelinition, crivicize it, and replace it by a better
one, and repeat this procedure,  Aller @ few steps we shall
reach, in this way, our first resull—a definiton which is a
generalization of ooe due o A, Tarkil ; and the rest of

b our investigation will b directed towards improving this
| 1 result with the aiin of avoiding some crucial objections
G originally urged by Tarski against his own definition.

-  The improved definition nsached in this way suffices for

| establishing the validity of propositional logic and of e

tewer functional logie, withoul any further asmmption.

in

Three of che auxiliary techoical terms which will e
introduced and cxplained ia this section, © interpretation 7,
Y ostalenenl-prescrving  inderprelation . and ¥ formepre-
serving inlerpretation ™, are, Lke some olwr vory peneral
concepls, somewhat tecion: 1o deal with, Their generality,
and cven Ariviality, presents an obstacle o their intwitive
mderstanding.  There s, a3 it were, so litile in them that
those who iy to grasp them arve lett with the unpleasant

POp oA, Tarskis leeture: (deivered in 1835) “' Ueber den Begrill der
logirchien Foigerung *, deer Congret deberwntinel e phiforphis reicntifigue,

fise, '!'II, Pﬂ.l’lB, 1835,
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[eeling thut there iz nothing to grasp. These who are not
salisfied with comcepts in which there is so Httle, or whn
capnot believe that there is not more in them, may he
assured that theso three auxilisry coneepls are the only
technical tezms of such an umsatisfring generality which
they will be expected to handle, The other torms, * Topical
form™ and * logical skeleton ™, introduced at the end of his
secrion. speak for thermsclves.

We begin by consitlering a number of languagees, Latin,
Dutch, German, Russiun, ete., and by considering fransda-
tigay from one of these lummages inwn the others—say, from
Latin into Inglish. There: will he good translaiions and
bad translations.  Let ws suppose (hat we know all
the languages nnder consideration well enough to be
untailing judpes of the various translations offered ; (hat is
to sy, we canosay whether a translation rencers the full
meaning of the statements to be translated or not ; also,
whether perhuaps a certain kind of espression fsuch ag the
nowns or he verbs) ave properly translated, while other
kinds af expressions are rendered withoul regard to (heir
COTrEt TNeiningT, a2t

Now by an wterprotation of ons language tn another wo shall
understangd & kind of tramlaiion, good or bad, Our
intention iz (o usc the term interpretation ™ in such a
wide sense thal oven cxtremely bad wranslations can still be
classed  as dnterpretations.  But obvieusly, it will he
necessary to nltoduce some kind of linitation to the buad-
nesz of o translation U we are nol preparcd to accept the
claim, for example, that the first twelve words of * Pride
and Prejudice ™ constitute an inlerpretation of) say, the
whole ariginal (ext of the “ Golden Ass ™. Faor certain
purposes it might indeed be of some advartare to use the
term “interpretadon ¥ in such a wide sense that even (he
example just given would b covered,  But lm our purposes,
it turns ont that i lighdy namower use of the ferm iz uselul
—ospecial [v in view of the Gt that we shall not e inrerested
in such things as exhortations or exclamations, but anly in
siadements, :
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Imagine that an extremely bad wansalor knows just
enough about @ certain language —Latin, say—as to Tocog-
nize what is, and what is not, a complete statement in that .
lanpuage, [He may, for cxample, know oothing beyvond the
fact that statcments arc separated by (ull stops) He may
then procecd by *f translating ™ cvery Lalin statemnent into
an English one. We who know both, Latin aud English,
will, af course, realive that his mockstranslation is sliockingly
bad, i.e., that mest of the English statements do oot vemder
in any way lhe meaning of those Latin statements 1o which
they corvespond, and which they shonld translate.  However,
the mock-rragslation in question has perhaps as¢ advantage.
Since to cach statemenl of the Latin ofeimal there corres-
pomuds cxactly one statement of the alleged translaton, it will
Le piwsible, if necessary, to check the claims of the translacor
step by step 1 in other words, there will be at least a definite
claim to be checked, and a fairly definite methad of
checking it

Now it turns out thar it 3 convenient th comfine our
investigation to translations, including mock translations,
which satisty the minimum requirement Lhat every complete
stateient of the original text 13, however badly or
arbitranly, trumsluted by —or, more precisely, co-vrdinated
with—one complete and meaninglul staternent of the
translation. And o translation or mock-tranzlalion which
satislics (hils mmimum requirement will be called here, from
now oL, an '’ mlerfrelaiion .

Ii 12 important to realize that the concept thus delined
15 ap extremely wide one. We may, for example, choose
to co-urdinute the [, second, third . . . statement of the
* Golden Ass ™ with the fivst, scconcd, thivd . . . stalcineot
of ©* Pride: und Projudice * @ the result will be an interpreta-
tion in the scnse here defined. But we may also cloose to
comordinate the first, thivd, fifth . . . statement of the
¥ Crolden Ass ™ with one statcment, say the first of ** Pride
and Prejudice ', and the scoond, fonrth, sisth . . . statemend
of the * Golden Ass ™ with the statement * In ltaly it rains
miore often than in Bgypt ™ 5 and the result of this utlerly

2nrd
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arbitrary co-rdination will srill be an interpretation of the
* Golden Ass™ in the Enplish language, in the sense here
defined.

It is perhaps difficult Lo imagine that such a wide
Concept a3 this comeept of interpretation is of any use.
However, it will halp us to define 2 few dightly narrower
eoncepts which turn out to be cxeecdingly wschul 3 more
particnlarly, the concept of & slalement-jressrving tnterpratalion
and, farthevmore, that of a_form-gressring inlerprelation,

It is possible that a certajy statcment of seme text may,
word for word, recur in some other places of that lext. Tl
us assume, 4s bofore, that the translator or nterpreter of the
Latin text knows so little about this language that he only
recognizes lhe places where full statements end.  But It
us also assumc that he has such a splendid memory (hat he
recognizes cach Latin statement whenever i1 re-ocours
completely, and that he decicles (o translete it i all plices
of its complete re-octwrenee, by the same statoment of the
English language by which he translated it when it occurred
first,  If he follows this method consistently, we shall say
that his interprefation preserves recurrences of  camplets
statements, or more bricfly, that il In a stefement-pressreingy
interfretation.

The comcepl of o stalemont-proserving nlerpretarion s
still @ wery wide one, and one might be tempted, st firsy,
Lo think that it 4s 8661 too wide o be usetul,  To s 5o wide
that it allones us, G cxunple, o translate every shutement
of the Latin langnare Iy oxe and the seme Bnglish stakement
—say, the statement © In Traly it raing more often than
Ewypr.”  Tow in this case, onr conditiom viz, that evers
statetment of the Tabin toxt mst be tramsfated, whenever it
recans, by the same Tnglish statement by which iU was
tramslated when it first occurred) is clearly satisfied . In other
words, 3f we wish to give o statement-preserving inferpreta-
tion of snme Latin text in the Lnglish language, it will be
sullivicnt iF we have at least see Knglish statement at our
dispusal inte which we may * translate ™' all the statements
of the Latin text ; although we may, of courze, use more

LOGIC WENHOUT AbS
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thun ome Enelish srarement—indeed, any number  of
dillfercnt English statements up to the cxtreme ease in which
their numler 3¢ cqual to the number of the ditferent Latdn
slatemnents contained in the text to be interprered, [t &
clear that, in peneral, ic will he impogsible to re-translale a
5.L'alcmn‘:ul-prt.l;[t_rving i]'lt:‘rpretatim:t, Lo, o re=constrach (e
arigival Lot from the trunslation togeller with the rules of
co-oribnation o, a kind of statement dictonary!, except
i the cxireme case where with esery dillerent statement
ol the orgioal a different statement of (he interpretation
is co-vrdinaled. (In this cxtrome case we cpoak of a steictly
slatement-presetviayr nlbelpro babon.

The conceplion of a stalvment-preserving inlerpretation
has one outstanding advamtage over the concepiion of an
interpretation as it was first imtroduced, viz., that it can be
easily extencled =0 as o cover not only an interpretation ol
igiven fexd in some language or other, but also the inler-
pretation of a whole fwguage Ly Jsay, the Letin language)
in another language L, (say, the English Lingnage)l.  Fur
this purpose all that s necessary Is (o assume that we Lave
co-ondlinated, [ some method o other, o every stitemernt
ol £, one statement of £,. This might Le done, [ cxzmple,
by giving a propor wanslation of every slulemwnte of £,
in L, In this extreme ease Jin which the loterpretaiion iz
srrict] wi have o use as many different statements of Fy
as there are in L. O agadn, o ose another extreme case
gy gt examge, we mighl co-ordinage with every atatement
of Ly one amd the same statement of £, Or we might
chaowme, in intorpwediate cascs, a gronp of 2 or 20 or 300
statemientx of Lo, and co-ondinale the varions statements of
Ly wiith thase, by sonue method o other {say, om the hasls of -
s alphaboic similarily of the st letters).  Once we
have co-ordinated with every glalement of Ly wostatement of
L., we have, of cowse, lard down a method of giving tor
every text o L) oa stalement-preserving  interpretation
in L.

It may be remarked that the languages L; and L, may
well colncide,  We can construct, tor example, various
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stalement-preserving interpretations of the Luglish langnage
(4y) in the English language (L,), by sclecting one or more
—possibly @ very great number—of FEnglish statements
tg) Into which all ather Lnglish stalements (L) are 1o he
tramslated, iu accordanee with some dictionary or code,

I hope that e eonception of a sERtCMEnt-prederying
wterpretation will be reasonably clesr by now.,  That it
can Le a useful conceprion will sdll appear doubtiul, and
has to be shown later,  Bue it will be realized thal chis
conception comprises a great deal, not only interpretations
whick do net take any notiea of the meaning of the state-
ments of the language £, the language to be interpreted —
Bt also interpretations which preserve the meaning of these
staternents, ie., feoer ranslafions. (0 course, we oanngt
assert that the conception of a statementl-proserving inter-
pretation eomprises all proper translatious ; thers may he
an excellent rranslation from Latin oty English which s
not statement-prserving but which, al does, may splic up
a Latin statement inte more than one Enelish staternent,
or which nses oue English statement 10 render several Tatin
ones.  But mist proper translations which aveid such cases
will fall inter the class of statcment-preserving interprerations.

It should be moted that every slulement-presorving
mterpretation aulomatically preservos recurrences of groups
or sequences of siatements.  If, for example, the group of
the staternents &, & ¢, . . . of language £, vceurs in a text
more than once, it will be translated into. Fy, by eovery
statcmeni=preserving mterpretation, in ihe same manner
whenever (e group recurs. This, ol course, s not
neecssarily e case with groups of expresdens shorler Lhan
sfodements,  Such expresions—Iir example, sincle words, or
groups ol words—umay, by a slatemont-preserving inter-
pretatio, be rendered dilferemly every time (hey recur in
4 certain text ; provided, of course, that they do not recur
as parts of a recwrring comyplet: shatement,

Within the wide class of statement-preserving inler-
pretations we have, of course, many sub-rlasses, and aamomr
them not only proper translations, but also interpretations
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which preserve rhe recurrence of certain
Amomgr these, one class of interpretat
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which preserve tie recwrenee of certain groups of words,
Among these, one class of interprelations 15 especially
important for our purposes 3 we shall call dis class the
o form-gresereing interfratetions T,

The Intuitive idea of i form-preserving interpretution of
a lanpuage L, In 2 language £ i3 that of an interpretation
which is not only statcment-preserving but which also
preserves what 13 wmally called the ™ logical firm ™ of the
glatements which are to be interpreted. A defimition which
is adequare to this idea can be easily miven iF we assume
that we can distinguish between fae Aindv of sigas of the
languages which we are congidering, wiz., the formative sions
andl the descriptive signy.

Formafive sipns [they Lave somotimes been called © Tagical
sign= "% are such signg 23, for example, the full stap, or,
in the English language, such words as “and ™, “or®,
0 ot o 2, S atfer, o mer . P SRR S haerme 2,
Y here exigts at least one ”, eto. All signs, and groups of
aigns, which are not classed as formative will be called
“ degeriptive signs . Dxumples are words such as * kbitten ¥,
“ mountain ?, “ srateedst ?, C aluminium 7, or groups of
words such as “ Greek orators ™, elephant bones ™
“ elderly disgruntled newspaper resder ™, ete 5 also—but
only if “of? is nol considered as formative—** Orators
of Greece ™, © bones ol an ancient ancestor of the clephants ™,
ete.  Other descriptive signs are adjectives such as * grey
or “soft®, aml proper names {names of individual persons
ot of other physical things).  We shall assume, lor the time
heing, that the distinetion between [irmative and deseriptive
sigrns van be applied with case aod withont amhignity to all
the languages in which we are interested, angd o
especially, to the language L, which is to be mterpreted in
some othor language £, [ This assumption will be challenged
later, in scclion (4]

EThe lemn * logienl sen ™, introduced by Chrnap tgedcr with the
teren " elscriptive sign ', has been wserd alsh by wthes, for czample by
Tardki, I prefer ° formoative sigy '* in oocler not o suggest thar lugical signe
are acomesthing like logieal tevhnical tovmas, such s the terms ™ dleconible frem ™,
* pmupatible with ™, © negation ™, et
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We can now define a frm=frvsering suterfrelation a5 an
interpretation which (a) preserves the meaning of all the
formative sims, i.c., gives a proper tramslaton of all the
formative signs, and whicl () preserves recurremoes of those
groups ol non-fovmative ‘descriptive) expressions which, in
a proper tramslation, would fill the spaces between the
translatod [urative signs. :

According o this definition, 1 praper translation (il
1L 15 slutement-preserving will in general he o form-presery-
ing inlerpretation ; luat so will be a reanslation of % All
men are miatal v oinle AN kitens arc green %, provided
we decide to preserve, in case the descriptive sign * man
recurs in Ly its renderioge by ¢ Lillen ) und, in the same
way, the rendering of *" mortal © by precn .

According to our delinition, it s only necesary to
prosevve peruirences of descriptive signg ;. two or more
differemt descriptive  signs of Ly may Dbe rendered by
the same descriptive signs of L,, subject, of coumse, to the
prowise that every statement is rendered by e sfatement a
true: one or a false ane, but in any case 1 meaningfil
stuternent.

Ameng the [orin-preserving interpretations, there will
e somme which not unly preserve recirrences of descriptive
signs but also diflercnces hetween deseriptive signs.  These
might he called  stiricty form-preserving interpretations ™.

In general that i, cxcept il thoy are stict —orm-
Preseving  interpretations cannot be re-translatoed or de-
eoded. Even u knowledge of all the 1ranslation rules enahles
us to translate only in sre direction—say from Ty to L, —
but does not cnable ws 1o re-translate our intorprefation.

A necessary and sufficient condition [ur Gie possibility of
decoding or retranslating a form-preserving Interpretation
Ly of L, back Into L, is that every statement o of £, which
in interpreted by &, of £, Is, in twm, a lorm-preseryving
mterpretation of @y This is, ab the same time, a nocessary
and wufiicient condition for a form-preserving interproiation
to be stoet.  The situation with statement-preserving
interpretations is apalugous. This cnables us to define the

LUHFI0 .
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strigtness of fD:l"m—]:u'eﬁﬂ'\-'Ing AT :~:lutun‘umt—prfﬁﬁrvfng inler-
pretations in the tollowing way :

A form-preserving {or a stalement-preserving inters
protation of £y in £, is strict if, and only il there exists such
g form=preserving (or statement-preserving) inlerprotation
of L, in L, that cach statement of L, s interpreted, in its
tum, by the samc statcment of £, wldicl i interpres.

Bo nucl alinnt the ideas of 4 statement-preserving and
W & form-proserving interpretatinn ¥

With the help of the latter idea, it 5 now very easy Lo
define the idea of the lyrcal form of a siztement and of
Jequencs gf statemends Jeun, of an oanmument)

Two statements @ and o, not necesarily belonging o
the same language, have the same logical fovm if, and only
it, there exist two form-preserving inletprelaliom such that
&y interprets 4, and sice serie. [Inslead of demanding two
imterprotations and saying *F eve sebse V', we may also Inscrt
the word *° strictly 7 hefore ¥ [orni-preserving .

Similarly, it 4, and 4, are groups or series ol stalements.
{We assime thar statemenis belonging to the same series
also belong to the same language. )

Two series of statements, 4; and 4, not necessarily
belommyr to the same language, have the same logical
= JJLPE.['L framn Lhe Lo Lindds ol o x-n'_[;l_'n:r.u,l;ieu]s which hayve been m]ﬂ_iupll
- stiternent-preact ving and fﬂfm—.]_:l.l'\c'ﬂill.‘I.'J-I'IH—L“\'.:H.' arr: relbaces nf sidme anlersl,
T may mienlion Lhe truth-preserving incerpretadons, 1.e. interpretations which
do not necrmgarily e Lkar 1 riesac Emf ol 1he shgberemern s ireeolved Bt which
render svery true statement by a true smaceroent.  Uhis mav be achicred, in
a irivial way, by draoslalig off satemenc: of L, whether te or false, into
e eeaterocals (Ray, Wle ariduneliosa usms] of o, 05 we wish oo exclude
such a wriviad oethod, we can demmand thae che ineerpretaton shonld be oot
omly Lrih I1rr_'xr1'-.-'i11|__r Ll irothoenlue prcgu:'r',':ing., i, that it shoald [ CEETvE
not only the teuth bul alw e lalsity ol the salernents ol L. T this coase, we
vy =Ll rendder zil staternents of L, by merely teen atstemens of L, viz. by
oo whith iz troe ol ane which 3y falss,  Tre this interpretadon will be,
novertheles, far s wival, sioce we have s consider the trothe or Galsioy of
every sloterment of L, befors we correfate it with one of the two seateraents
DIALT_ |:l|'| valese 1ow savamed rr|fﬁ|17|q|¢wtﬂ11ﬁﬁngx.._ I TILAY menTlon thilk Y Concept
of meerpretation covs ool coincide wille Clanvap’s ety s uswl e b
Tbrodvciaom fo Sereanfics. 1945, esp. po 2168 and pp. 21%F  Lhis can be scon
froma e Fact fat o ol c.:.'l_rlmp’.-; tlemaanls, t_-.'l;Prc,gin;:d T T 'lxm'i_nu]cg}', is
that Ly contains ac bease a2 many differont stamcmcne as L. Alsn, what
Carpap cells a  true interprecaton ™ dors not coincide with our ™ oudh
preserving inlecprelaling . ;
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torm i, and only it; there exist (wo form-preserving inter-
pretations such thar the first (the second, elc)) statement of
Ay imterprets the fivst fsecond, ele) stitetment of A, and
zice nerrg. [ Again, we can simplify the delimion by reforomg
to striciness.)

t'he term “ Ingical torm.” wsually occurs in the context
* the same logical form * or ** ditteren logical lorm ™, and
for sach contexts e definition suffices. I a4 separale
defimition is desived, we can define the fegieed forme of the
slafement @ as the class of all statements {of any oumber of
banguages; which have the same fogical forme as ay.

This 15 4 very abstract idea ; bt 2 more concrete idea i3
avadablc In case vur two statements g, and 4, belong o the
same language.  We then can say that they have not only
the same logical form but, more conerctely, the same
“logical skeleton™ ; for cxample, the statoments of the
English lapnwnare ** All men are mortal ' angd < Al kitiens
are green T have both the logical skeleton :

Al ... are —— "

The logical skeleton of & statement or a group of state-
ments s oblained simply by climinating all descripeive
signs, jndicaliny, al e saoe tme, recnrrences of deseripiive
signg, Iy sone weellwd] o other, Tt iy clear that all state-
ments or arguments of a corlain lanvwacre with the same
lgieal skeleton have the same logmical v, and sie ser
and it is clear that the concepl of lowical skelelon i3 not
only more concrete but alzo simpler, since it s possible o
define it divectly, with the help of the distinclion belween
formstive and descriptive signs, withoul wlroducing the
idea ot an interpretation.  Chn the other hand, ow idea of a
Ingical form iz more general, amd gives us the means of
ennstracting logic as 2 theory of language—or of languages

-without tying s doiwm fo auy parbiclar lannege.

Anel thig, indeed, 12 one of the main point ol our use
of interpretations : we operate with the ideas of a statement-
preserving and of o form-preserving imterpretation partly
becanse thiz method allows us, asz will be seen, to combine
the madern view of logic ag a theory ol language with the
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old intwitive idea that the calidiiy of an inference doss not
defiend on Lee longunge i whick i iy frmalated ;. or more
precizely with the idea thal, il an mlerence 3 valid in one
language, then it remains voulid In every proper (and
Form-preserving) translation.?

T

L

Armed with (he teclical ey inbroduced in section
(1), we now e o e analysis of Qe ides of o walid
(deductive) inference.

By uan inference, valid or 111&':1.111:1 we shall understand,
in this paper, o number of statements, at least two, ol
s language, for example lnglish, of which one is marked
oul fow a comelusion and the others tor premises (for example,
by writing the comelnsion last, below a horizontal line, etc.).

Our problem will be o analyse, in the most general
way possible, the cemditions onder which swch an Jnl'eren::u,
for argmmear) s ealled “walid 73 or wing a slightly
difftrent  terminalngy, the conditions under which the
telutivnship of decdocibilite actualiy hold: between some
premases and a conclugon.

Weo shall take most of our cramples, for the sake of
simplicily, from svllogistic logme ¢ bt this should not create
the wmpression that we are more concerned with syllogistic
logic than with any of the more developed systems {(Including
the so-celled  alternative * or *° non-Aristotelian " systems,
and those which wie modalitics).

¢ | belgews that, i thiz way, we i preserve whatever 8 tenable in thoae
uhpectives a0 the rroslern view which eseplecsiee thad logae does nos deal with
e M senicoos bl cathor sl peopimioons *oe peckiaps seoth  olyeeioee
thoughts ' [or © thouphe contents " or “ thowshts ' o “ judeements ™, e,
{1 o moc nge chey teres *° sendenoe © bot ™ shemenc ' o order 1o indicats
that, it 1 sprek of a statement, 1 do nnt ehatract feom the meaning espeesed
b 1|:—~'.-J.1£|t~:“'.u:~r this may be. A Purther anabsis of theidea of 2 mm‘mnp‘ﬁ.ll
seaterniomt * s vary dewrable ; Buat i is T, ms far as T con see op. the ond
of Bection [Hl—nercmary for The undrreianding of logie an:d the preblem of
ite foundaricns ; nor do [ believe that either pevchologr, behavieuriem,
uperaticnaasm, verthcationisn, pherenenalisn, or perceptivnalism, ecc., can
have avvlhing to offcr trasrards a enlution of the problan T hase in mind, )
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We begin by comsidering two simple examples of
inferenees 5 (a) a valid oue, and (b an invalid one.
[ ()
AF kivteny ave preen Al wen_are wortal
Joe i o Ridivn Socretes 5 morial
For is groen Secrater i5 a mon

Our Lask is to explain iw a gencral way what we mean
by saviug that (u] is valid while 'b) is not  without appeal
o any recopnizcd system of rules of inference of which (a)
may be ap obscrvance or applicaion.  ITow could we try
e explain 1o somcbody who has woe studicd sueh a systom
of logical rules that {4} s vahd and (b} invalid ?

We might try to argue on the lollowing lines

It 15 conceivable that the conclusion of {bY iz false,
eoen if the preirises e Balft trwe, while this is not conceivable
in the cxample fa). For, assumc that all Kitlens are really
green, andd Lhat Joe & really a kitten, amd assume nolhing
clse o then, clearly, Joe must be green.  Bul assume Uhal
all mnen are really mortal, and that Secrales s veally mwrlal,
but do not asume anyling clse (more especially, do nof
assume that Socrates s a man any more than, say, Joe! ;
then, clearly, it iv conceivable that the premises of (b are
Lrue, and e conclusion false, sinee Socrates mav be mortal
and, [or example, 4 kitten.  In other words, for (h) a state
of atlairs (in which * Socrates ™ s the name of a kKitten) is
possible which renders both premises rmie and the cemelnsion
talse, while with (a) cvory state of alfairs which renders the
premises true would alse vender the comelnsiom trne.

These considerations leacl 1o vur first preliminary und
rentative definition (D) :

(D) Ar inforence s valid if, and enly if, ewery posseble slafe of
agfairs which venders all the premises frue also renders the coneluston
e,

We may call a stale of affairs which renders all the
premizes of un inference rue and, at the same Lime, the
conclusion false; a counter-example of that inference. (A
counter-example of {b) is provided, for example, by a state

O L
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ot affairs in which * Socrales ® 35 the mame of a leitler.
LUsing las term, we may re-lormulate (D) in this way
(DU} An mmferemce is valid §f, and only {f, no counter-example
af i exisks.,

The mam objection to this first tentative definition is
the vaguencss of the term * state of affairs , and more
espectally * possible state o’ allaars . This lawer term may
even be suspected of introducing o vicdous circularity. For
we are discussing logical walidity, L., logic. Put® possible
maty very well mean * lagically possible ) and thus pre-
suppose what wo wish o deline.  (The same may be said
of words like © concedvable ¥, el

In order 1o avoid these question-hegeing terms, we shall
make use of the technical terms introduced in seckion (1],
We cun cither wse dlie comparatively simple term © logical
skeleton ™ or the more complicated derm * logical foem ™
ior, in its stead, the term * form-reserving interpreation **,
Let us first use, tewtatively, the fol lowing two logical skelotons
of (o) and of ih} .

i 1 (e
Ail L are AW —
”,_..x'.?.-i".,, e
e s B —— ' ,:._,\Z..i'ﬂ.... s

Appleing o {a—+) and (b ) asimilar considerations as
we applied (o Ga) and (b, we arrive at owe second teniative
definition :—

(D02 A inference iv valid if, ond anly if, every inference mith fhe
same {ogical skeleton whove premmises ave ofl troe kv a free
aomainsion. -

We may now re-defue vur term © eounter-example
as follows ;

A connter-example of an inference 3z an inference with
the sume lngical skeleton whose premiscs are all true and
whase comelusion. 15 talse,

If wo use the term * counter-example ™ in this second
sense (1f necossury, wo can distinguish it by the attribute
”S]itlt:Lun—pnrs{:nfing":-, then we can give an altornative

)
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formulation {D2% of (D2}, such that the wording of (D27
is identical with that of (IM7, although ity meaning of
eourse, has changed with the meaning of ° counter-
example

Another possibility 35 that we use the lerm * logical
form 7 instead of " logical skeleton ™, leaving everything
else imehangrd.  Owing to the fuct, however, that * Ingical
form " i in ks tarn, defined with the help ol the term
*form-preserving interpretation ™, i laens out that it is
preferable to uwse the latier term instead.  We fhos arrive
at (ID3). This 1¢ the delimtion described 0 the begmnimg
of this paper as our [irst resull, and as a ﬂ'Fnth?a'hnu ot
Tarski’s defindtion :

(D3)  An inference &5 valid if, and mly if, mery ﬁm-ﬁ-mrm'mg
inforfrreiation of it whose premises are all frie has a true conclusion.

(D3} 1 taken 1o have the same wording as (D17 and
(T2 ; bat * counter-example ¥ iz now defined in this
way :

A counter-example {or, more fol |1.', a. form-prescrving
counter-cxamplel of an inference & a form-preserving
interprotution. whose premises are all truc and  whose
conclusion is [alse.

An immediare rosult of our definition {I33) 15 ihe [pllowing
theorem [ T1) which has the same wording as (D2}, excepl
that the term * logical form ™ tukes the place ol * logical
sheleton ™
(T1y  An inforence 3s valid i, aud only if, every inference
ol the same logical form whme premises are all truc has a
Lrue coucusion.

(Similarly, if we re-define  counter-cxample ™ again, so
that it means an inference of the same logical form with
true premises and 4 fale couclusion, then we obtain from
(D3} a theorem (T17 with the same wording as (D19 cle.,
b, of course, @ dilferent meaning. )

In wiew of (T1), we can say that the puain dillerence
Letween (D2) and (D3), i.e. oor soeond and third delinition,
iz that (D2} refers 1o * logical skeleton ™ and {D3)—indirect-
ly—tn * leyggical form ™

T.OCD WITHOUT ASSUTMPTIONS.

The considerable ments of these three defir
especially those of [133], will be discnssed in the ne
and 0 gection (4), we shall present these object
D3] which will lead us to the construction of a
definition.

(3)
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the conclusion of a valid inference is false, at 1
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The constderable merits of these threc definitions, and
especially those of [T13), will be cliscussed in the nest section ;
and in sechiom (4), we shall present those objections against
(133) which will Tead ws to the construction of an improved
dlefinirion.

{3

Proceeding to a distussion of o three definitions (D1,
(D2}, and (D3}, I shall Lrst explain the points in which
they are all strong ; next the strong points of (D2) and
{D3} ; and ultimately, thosc in which {D3) iy supcrior (o
the others,

All three deiluitions make use of the fundamental idca
ol fransmizsion of truth from the premives do the conclusion ; thar
13 1o suy, of the idea that, if the premises are wue, the
conclusion muit he true also.  And all the definitions EXLCPTE
the fist suceeed in cxplaining, or rather avoiding, this
“ must ** (which ig one of those dangerous tuestion-hepping
termz) by pointing out that the teansosission of wuth depends
solely upon the logical skeleton, or luwical form, of the
argument ;  amnd che term ¥ depends ® Swhich iz alin
dangerous since I may mwan * Logically depends ) 15
avoided by the simple wmetlwad of referring 1o aff inferences
of the same logical skeleton or form.

Bath the reference to the transmission of truth and to the
logical skeleton or form seemn to me intultively highly
satisfactory. I ds ihe maim point of the practical usefnlness
ul dedietion that, if we know thal the premises are true and
the inference wvalid, we can rely on the conclusion being
teue.  Im this way, inference allows ns to obtain trem
reliable primary infirmation veliable secondary  informa-
ton ;o oand it allows vy, hy using as premises primary
mformalivm from dilferent sources, to derive secondary
informaliom unknown to any ane of the sources,

Muoreover, the wansnission of truth from the premises
0 the conchision which in fselt is prugmatically ag well as
mritively such an important poinl, mesns that, whenever
the conclusion of a valid inference [v [ulse, at least one of
the premises must be flse ; for otherwise we would have a
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comnter-cxample and the inference would be movalid.  In
other words, the wansmiszion of tath frem the premizes 1o
the conclusion means also the se-transmssen of faliily from
the conelurion to [al least oite of ) the fremiser.  This 15, [rom the
pragmatic poinl of view, just a5 importanl an aspect of a
valid deduction as the obtaining of reliable secondary
infbrmation. It enahbles us to rejoct projudices by falsifying
their comsequences ; and it allowes us to test a hypothesis
by the method® of (rying to refute some of the comelisions
which folluw [rom it ; for, if one of these is not truc, the
Iypothests capnot be e cither.

It wray be objected here that the term “ true ™ whick
plays suclt a rolc in our deliilions as well as i these
congiderations 1% vamue ; also, 1hat we often do not know
whether a certain statemeni s ous or not. Yhile this
larter poine must be wdmiiled, the vagueness ol the idea of
truth niced not be admitted ; on the conirary, most people
knaw that the word * true  can be casily eliminated from
any such context s (1) " The statemnent © the snow 14
white * is 1rue ™ or (21 © The statement © the cnow 15 red
is teme ¥, They Enow that the whole of (1} asserts precisely
thie sume as the statement (17 % The snow i3 white ™ and
teat (2] asserts procisely the same s (27 © The sanw B ved
But such a knowledge abmnt the way in which o term can
be elimdnated from a simple conlext is, procisely, a know-
ledge of its nmuung

Wh‘v then, it may be asked, dn we nol eliminate the
word © true ™ lrom our defmitions * The apswer is thal i
is eusily eliminated from such simnle but fundsrnenial
cantexts where it refers (o CETTAln ﬂlj.nlﬁ staremenity, Dt
not from contexls in which, more generally, we speak abont
Hinds of statements of some lunguage  say, ahout IJI stalements
of a cerlain logical skelewon o torm, ete. It is cspecially
i sch a comtext that the term © true “—meaning precisely
the same a5 in the ather context — becomes useful.?

B =~Cp vy Logth der Fatichamy (1351, anel * The Poverty ol Historiciam
" Foomonicr 1945, csp. g 7
’J:'h:. thewew of trulk Imdr:rhj.np‘ thrse reamarks has been deseloped by
“Lardki in hia analeds oo the conscps of oth fin J:’o!ish 1833 : in mm:mr{,
% P Walwherbilegritf dn dbm foranaliiier s Speachen ', .S"rnf::: f’n'mﬁjﬂp.kh:.’a. LAgEY,
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1 am therefore not prepared to adooit that the employ-
tnent of the term ™ trwe o our definition iz objectionable,
I\wc‘rt‘hek:ss, it will b sren that, in our final and improved
d::lﬁmuun (see also (D5)), there is a possibility of avolding
thus term. At the present moment, however, T wish to
emphasize that it must be the main point of every definition
of validity which is intuitively satisfaclory that it provides
for the transmission of truth  (whether or not the ides of
truth enlers the definitiva) ; and our definitions to provide
foor i

Apart {rom referring to the wansmission of liuth, our
second and third definitions refer to the fosical shelotan or
Joren of the argument in question. This 100 can be shown
1o agree with our inmiitive idea of a valid iuference. One
immediate conscquence which s pact of this intuirive idea
i¢ that, if a cerlain inference is valid, all ather inforences of
the same logical skcleton or form must be valid oo, Tt ia
this fact which allows us 10 lay down rales of fference which
give a description of the lovical form of an argument. A
rile of inference asscrts Lhat from premises of a certain kind,
a comclusion of 2 cortain kind can be deduced.,

We shall call such a rule of inference *© valid it, and
enly if, every inference drawn in observance of the rle is
valid,

The fact thal, whenever an infetence 13 valid, there will
alzo be a valid rule of inference {deseribing either the
skeleton or the form of the srgument ; g, ¥ Barbara ™ i
alsu an inmediate consequence of our secand and of ogr
Luird definition.

Uliimately 1 may menion very lricfly, as a further
advantage common to our second aned Uadrd deflinitions, the
fact that they can be both cusily extended so w10 be
applicsble not only 10 statements but also to sépfement
Saiciiemy.

A statement fimerion (e, YIle 35 green’™ can be
ohtzained by replacing a descriptive sign {“qu.ue 1 of a
staternent by an appropriae varable, ep. o pronoun
(“ He "l Such a function is neither true nor [alie.  Never-
theless, it is nseful for certzin developments to trear, say,

ap
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fa—)

AR Eitters are green
He 115 t .ﬁ'iﬂm

Hsis cfm‘n

a5 a wulid inlerence,

In vrder Lo extend our second and third definition so as
to cover such cases, their wording need not be changred.  All
that is necesary 15 to molude statement functions wherover
we have so far considered statcmenls, or groups of state-
ments, and to specify, if nocessary, the real statements —
i, those which slone cam be ume or false—by snme
adjective ; we shall call them, say, © proper stalements ™
Accordingly, a frue or a false example of the same logical
[orm or skeleton as (a—) can only be an cxample conyisting
ol proper statements, since lunciions can be neither true i
[ulse ; and the same will hold for a ° form-preserving
interpretation whose premiscs arc all true ™, etc, 1 such an
interprotation will have to consist of proper statements.

We turn s 1o the weak points of our defiuition (D21,
and the main reason for preferring the third delinition to
the second.  The main difference hetween the lwo defipitions
iz that [D2) reters o other armuments of the vamee dogical
skefeton @y the argument in question amd thereby confines
its voeference to othor arvuments beloiring G the  samd
Femgueape ¢ (1032, om the other hand, rolers to all forme-pre-
serving interpretations and therelore o e anspeeified number
af different fanguages, viz., Lo all those iuio which the formutive
sims can be properly translated.  We shall show that this
chifference has two consecjuences

O second delinition [1Y2) is satisfactory only if
the language L to which the argument nnder consideraiion
helongs 1= sulficiently rich in deseriptive sigms.

12) Chur thivd definilion is, besicles, superior to the second
bg{"ms.p it vields the immediate consequence thal® the
validity or otherwise of an inference or male of inference is
mdf»}:.pﬂd;_:ﬂi; ol the Ianguarrf- in which it 1z formulaled, in

the sonse that i1 iz valid in one language, then every one ol
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it3 proper form-preserving translations into anoter language
will be walid also.”

While point (2] dovs not need an explanation, point (1)
does, and the rest ol this section witl he devoted to construct
a simple example of a language £ in which, owing to the
poverty of itz dictionary, an invalid inference would 4]ypear
as valid from the point of view of (DZ), simply because no
counter-cxample exists within £.

Let us assume a langnage L with the wsual formative
mgns, “Call™, “somc™, “is 7, “arc”, * not v, e, We
may also include the words *“and ™, “or ™, as wall 25 the
prefix * non- " {e.g. say, © non=tall **) and the word * whe ™
among the formative signy, so that we may constrnet out of
the simple descriptive signs * tall 2, * [uir V', and * Greeks ™
such complex signs as * [uir ortall 7, *F non-tall and fair 7o
*Greeks who arc tall ™, elc., which are made up of hath
formative and deseriplive sgne,

As (o the descriptive dictionary of L, we may admit
proper wames of persons, such as * Socrates ™, etc., and

TCp. the end of section {1 and nons 4, [t s even possible co avond the
weilils * form-preserdng @ lere, B a furcher peneradizaticn ol Y For s
PREpCac, oo ey teplace T wond 1 walid o (UG —or, for that nitter, in
cur final definition (6] by “ jrmatiy sl 7, and then acd the folliarny
deflailicig of ** fyfEmeally o webedefly) valid ™ and ol valid » i U Aninfrronog
is inforenally calil il grd vnly it i i foemally iosealid and (here eis g ETOper
translatiun which is foemally valid. "— An inlkrenes 15 valdid 1 it is forem gl
or intermally valid " —An cainple of an informallv vislid oferencee s < I

Peter's spoed noticeses Bicherd's

eter's sheed curfiaiiey Shencer's

Fur a forwal couneeecuople, replace " spead ™ b = dog ' s
a A bl h}.- L Pass B ogp ¢ :.I.IJ'Pr'-'\-il.‘Si M, Tk ol oo her Land, we Ay sy
thar the argerment 5 pooperly wanslatad i we eplioe © surpaEcs 7 Iy oy
greater than © ane Mal in e Inslation i is fooelly valid. What s olien
cadled the ** radcnal reoonstraction = ol ame svoumenn is apually an pteempt Lo
show—eg. Ty siving translation rubis sochoos definidons, eto—al ot s
informoally walid. ©OF course the gquesdon whelher o ccetain R T e T
infirnally valid or not can hacedl y wwerr ke anewerced withont fie 1Pz AEYUIEITH
tion of & moe i less aestivoable chavaciee, sucly s fnominve leansiation roles -
and i€ 33 hardly presibile 19 give s amswer i che orsadve except oo ineaitive
groumds.  (Tnformal infirence Inooue senne, it may e pored, s plived a2
eertain robein theadiscossione of tae idea of * enlailment # [othe remaimier
al the present paper, we shall conhne oorsebees L laral validity witlul
explicil mention of the word ** formal *.

iz
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property-names of class names such as ** Greeks ”', ** English-
men ', © Frenchmen ™, ete., as well as, sy, il
< shart 7, ¢ wise 7, P fbolish 7, T lair ® and ek Mo The
main puint i5 that our deseriptive dictinnary must not contain
any simpds descriptive name synonymous with, say, * short
and foolish **, or *“short and notfonlish 7, erc. ; nor must
it comtain amy simple descriptive name of & propercy which
is common to all persons, [ We may consider the class of all
persons as our universe of discourse ; and we may say thae
we must not have in o a purely deseripfie name of the
universal class)) The upshot ol all this s that we schieve in
this way that our langnage does nul posses two different
simple names of two classes of which the one 15 included in
the other.
Consider now this cxample of an inference . L

(b}
K Grecks are e
Socrates 16 i
 Sacrater iy a Greek
This is, clearly, of Le same [orm as [b] and {hL+) and
should herefore be recognized as frvalid.  However, no
connlerecxample can be formdated within L. Tor, a counter-
example in Fmust have true premises of the same skeleton
as (b1, It although troe universul staterments such as
€ Al Crrecks are tall or nou-all ™, = All Creels are non-
Trenchmer ¥, or © All Greeks who ave tall are now-shore ™
slc., exist in I, mo rue statement with the simpler skeleton
s 411 . . . . are —— 7 huppens t eaist.  (There ExIST true
staternenls woith the skeleton AL . ae o Yo £y b
onlv such as would make the conclusivn frue. Thus,
within I, no connter-example exiits to (', and (b7 would
have 1o he desoribed as valid from e polol of view of our
cecond definition, contrary o our logical fnduwition, and
contrary alio to our third definition which inn Lhis pein
ancl, 16 secmms, n all others, agroes with our lagival Tnteddon.®

1 is facl thet o defiedlion such 2 (D2) canmat be satidficlorily applied
Lo lamguagis wiih 8 poor dictiony iz mentioned in karski's Inofure guoe
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{O1 course, if we envich the descriplive vocabulary of F a
little, for example, by introducing the new simple term
*personalities ™, defined, sey, by * @l or short or Loth ™,
then we can at once give a connter-example within L.

i4;

Cur third definition is, I bolieve, perfeetly satilactory
on  ntuibve grounds,  Nevertheless, there are  serious
objections. These were [irst urged by Tarski against his
e eleflnition.”

The weak point of our definitdon is this, Our definition
is bused, in the last analvsis, upon the fnclarnental distneion
betieesn formolive and descriptive siprs.  {OF all the technical
terme inoroduced by us, only # statement=preserving inter-
pretatien “—and, of course, *interpretation "—de not
presuppose this distinetion,)  Now this distinction is an
intuitive one, and accordingly vague and uncertain. Tor
example, the words “ greater™ and *smaller ®  (and
“equal ¥y are wmally classed (with “idemtical ®  und
“different ) as formative, while the intuitively similar
words © taller ™ and “ shovier 7 arve classed s descriptive,
This may be all right, but uo salisfictory principle i
forthcoming by which the classification can be justified.

Besides, it s by oo means the case that the distinetion
can be drawn in every langnage. Thus most verhs, such
8 “runs %, combine [urmative and deseriptive funcrions
{of “is” and “ running 7). But this is only another way

here in note 1. Lasskds gwn definition {which wea the stariing prine of my
invesligation) avelds this ciawlswk by combining, @ ie were, toatares of
(DM and (1023 Io our termdnclogy, it tight be perhaps reodered % An
inderence da valid if, aol only i, every atats of affaics which sacafics che Tugical
gbcheuan of the premizes satisfies thae of the comelision™  And by a ** seafe of
affaira which silislies 2 logieal sheleicom * [(Tarskd would exll it a * model
wf the skeleton], we would have to thick of real chings, and Ul peopertie:
and rolations (oot of che soies of thinges, or of propeclies, or of reladons, for
these may he wanlingl. Tawmki's delinition i free of the dissdvancaze (1)
discused 0 the wsl, bue since ic i3 aowod w che lumical sieleton of sofre
jome} languaze L, it does mot fully shiare wieh [193) the advantases (25 and the
possibilitics diseussed in the forepoing fontrmibe ot least, ot witkiout somerhins
like: = * radienal reconaurugliva © which might assimilue it o oue eonceplusl
Apparams.

* For Tareki’s detinilion, sec notes 8 and 1.
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of saving that the distinetion is not applicable to ™ runs ™.
Since we have languages in which stalctnenls oceur
(* Achilles runs ™) to which the disinetion s napplicable,
it i clear thal we may have whaole lanpuages without any
term which strikes us intwitively as either purely formarive
or purely descriptive.

Thar there 15 something more necded than a teliance on
an intuitive classification of the sign of a language may be
illustratcd by this exumple

ic)

Aok sils in the cinemea in the sane o ay Pat, and io the left of Pat
Pat sits in the cinema i the same vow s Tin, and fo dhe fgf? of Tim

Buob sify in the cinema in the rame yow a5 Tim, and fo te leflof Fim.

This seems, intuitively, valid | even after constructing
somothing like a covmter-rxample by substituting = surprise =
for " lelt 7 do we feel, intuitively, that () may be in order ;
we feel that the apparent counter-example only sounds like
one, and that © 1o the left of " and * to the surprise of
have really mot the same logical form, becawse theve is
somelhing formative i * lefl ¥, as it were.  But it i3 nat
cncouraging Lo [ind that we have no principle at our
disposal that may help us 1o clear up the matter directly.

One thing we have to do is  operate with a somewhat
restricted Lst of formative signs, and to niake sure that there
is no ambiguity in onr use of these formative signs. Ariscotle
moved first in this direction, by restricling his investigation
o the languapge of © calegorical propositions ”.  He in-
wwoduced thereby an artificial mitation and rigidity which
is quite foreign to natorally grown languages, bt 1t scems,
necessary i we wish to construct a theory of inforence.
A language with such an unnatural rigidity of its rules may
he called an ¥ artificial language ™ or © caleulus V. Modern
logicians have followed Aristotle in confining their dis-
cussions (o one or the other artificial language or calculus,
and the method, I Lelieve, is practically wnavoidable.

LHGTE WIS
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But it docs not solve our [undamental problem. The
logician who constructs an artificial language uwsually lavs
down & list of formative signs whose meanings he explains,
and he treats all signs which are oot o this list, and not
defimable on the basis of the list, as descriptive.  I'his
micthod 1s wery successful and need not be criticimed.  That
the choice of his sigms Jand their meaning’ appears very
largely as arbitcary, or ag justificd mainly on unanabsable
intuilive groamds,

Oy thids chosee, bowever, overyihing depends in lowic,
It is clear that, by Lransbereing o sign—er., the word * lell ™
in our last example—sn [ar considersd as descriplive, into
the list of fomiative signs, or see sova [without altering the
intuitive meaning attached 1o iU, we may aller the logical
form of some, or even ol all cur arguments, with the result
that arguments o [ar valid become lnvalld, and siee versa.
And this can be done az long az we have no objectiee

- eritericn of the [ormarive or descriptive character of a sign.

Our abjection may be summed up ag [oliows :

Tie frofosed defintiion of cafid inference mogy permit wr fo
reduce Hoe mfuitive problem wbether g cerlain inference s ralid ar
got o the probless whether q covtain sign 5 formofive ov not. But
this probleme rematng intuitive, :

Il do not intend to crcate the Impression, by this
formulation, that T comsider our definitiom of volidily as
futile. On the contrary; it 13 vory valuable, Netbwerlheless,
the situation is serious.  If there is oo clear-cut distinclion
between valid and invalid mfercnces, then, it can be shown,
there 15 also no clear-cat distinction belween Iogical and
factual for cmpirical) statements, or, to use a more traditiona]
terminology, betwoen analytic or synthetic propositions
This i3 a question of major philosophical importiance,  One
might cven say that it involves the whole questiom of
emipiricism, and of scientific mechod. 2

Y hese :impl:-rt,s_‘n_r ]:lrr_'.bl.l:ma, mizer] ]'J:l.' I |;nr ripl b i'l}" ]'mlﬁli:ﬁfl drfinidon
of valil inference, have oo eoly b discused, except by Tavskd himeel—
wha geema tn oomgider the problem irsoluble- wnd by Camag, who takez a
more hopefil view of the matter ; . op. B, Coarnap, daisdusitan @0 Semasitins
(19421, esp, @ v, wlore ® e dislincuon betweeen lopical and descriptive
gignes i3 mentioned., and pp. 364
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(3)

Is cur prablem msoluble 7 T do not think so. One way
10 2 possible sohitioe Mllows here in outline, Tt is explained,
mare lully, in the subzenuent scetions.

There are inferepces—admirtedly, so trivial ones that
they have hardly ever atrracted much notice—which can
he shown, an cur definition of validity, to he valid whalecer
the logieal form of fhe stotements fnvolved,  Their validity is thus
incependent of that distinction between formartive and
descriptive slgnz which we lave seen to be of such a
problematic character:  We chall say of these mfrrences
that they are absobetely wefid.  Absohute validity cun be
defined in lerms of stalement-preserving interpretalions,
and therelore withont relerring 10 the distinetion between
formative and deseriptive signs.

Next we obizerve that once we have a certain system of
absolutely wvalid rules of inderence at our disposal, it is
possible o define the logical force or import of the various
formative signs in torms of deducibility (Le., in terms of the
prodicate @ " from the stalements b, e ..., the statemnent
o can be deeduged 7). We shall call a definition of a formative
siem i lerms of this relation an inferential definition.

With the help of e ilea of an inferential defindtion, we
can characterise the formative signs as signs which can be
defined by un inferential definition.  In this way we can
meet the objeclions raiscd against the distinction belween
formative and descriptive signs, and re-establish (D3], as o
were. Ultimately, we shall propose & definition (D8) which
makes use: anly of the ideas of absoluce validity and of an
inferential definition, and which no longer refers 1o truth,

. 16)

There are inferenves which are vulid according to all
our definitions, in spite of the [act that the logical form of
the statemnents involved s irrelevant, They are very trivial
juferences indeed—so Lrivial that some logician: refused Lo
aceepl them.  Accordingly, our first task will be to argue that
they are valid.

LOGIC WITE
Consider the exdmple
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Congider the reample
(e}

foe i g Kien

e it a Eitten

From the point of vicw of all onr definitions (and (rom
the point of view of tukt modon systerms of logic) Lhis iz
delimitely o walid inference—oeven thowsl it 18 something
like an extremne case, or a © wero-case ¥, ay it were,  For it
18 clear that no cownter-example of (d) can exisl.  Some
logicians  have  objected to callimr Lhese casss 7 valid
inferenees ' on grounds sach as these : inlerence is A mave-
ment of the mind ; bur our mind does not move in snch
cases as ‘d) ; thuos this cannot be an inlerence,  lut since
even these logiclans hardly sugpest that {d) is actually
ir¢alid, not much harm can be done by calling it an
inference. It secms that their abjections are due to the
fact that in such zera-cases onr intuition is not a reliable
guide. (Is zero o number, ar is it not, rather, nothing ?
Is one @ number > No, one thing i3 just one thing, and
not a nutnber of things ! Feven two is not a number, but
a couple. A number of things arc at least three, it secins.)
But there arc seversl reasons why we should call (d} a valid
inference—quite apart from our definidon.

One i that it would be awkward to forbid that the
middle and major term of 4 syllogism mav ever coincide, as
in the example :

[e]
Al Eirtens v Litdens
Foe s o Liffen

Foe ix a kitten

But if {¢) is an inference (ancd, of cowrse, valid], len we
may clearly omit the first premise as redundant ; and in
this way we obtain {d}. L

But there are stronper reasons fin accepting (d). There
are very strong teasons for not excluding the possibility of
cases of musal iference Lo, from a premise to a conclusion
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and alse [rom thiz conclusion to its premise). A murual
mlerence cun, of course, have only gge premise since an
mference can have coly one concluzion), but we can hardly
torbid inlerences [fom one premise, since wo can eombine
several premises Into onc by mercly joining them with the
help of the word * and . If we forbid nmimal inforene,
then we can never be sure whether an inferenoe, howeovor
convincing, is valid ; for if anvbody should later discover
an cqually convincing ateutnent raomne from the conclhosion
to the premise (or to the conjunction of the premises) then
we would have 1o declare bolh inferences invalid.

But if muinal infereuces are possible, then (A7 must be
possible too. Tor there iz a principle of inlerence which has
never Deen challenged —the  transitviey  principle which
sys thar the conclusion ¢ of a conclusion 4 of the premise o
15 iksell g comclusiom of the premise ¢ ; and this principle
if applied to a mutwal inference, yields :

{61y From the statoment @ we may deduce a ™,

that is, 4 rule of Wnference of which [d) is an observance,
In otlier words, whoever is not prepared to admic (d} and
f6.1) st cither forlid mutual inderenee, which has the
most awkward conscoguences, or hemuost give up Lhe following
transitivity principle :

(6.2) TIf from the slatemeni o wp can deduce b, and if
[rom & we can deduce ¢, then we can also deduce £ from e

We ghall therelore vely on our definition of swalidity and
accept (d] and {G.0] as valid,

But the validity of (d} and {6.1} does clearly wsl depend
nn the distinction between formative and descriplive signs,
The fack that ao form-presersing  counfer-example exisls @ here a
diveet consequence of the facf that mo stotemeni-proverving  copnfer-
rxample exists—together with the fact thal, ol course, all
form-preserving interpretations must be  stalement-pre-
rerying. !

Thus there are valid inferences whose validity does not
depend upon the distinction  between  formaotive  and

LA

11 The defimition of ' chlemnenl=pressrving conntor-example ™ {cp “ fonn-

PIESETITIE CruTiLar-exarnpale * is obviows, in vicw of secdun [2),

LiMEE WITHT

descriptive signs.  We shall ez
valid ™ ; and we define, tem
(D4} An inferense is absolutely
ment-preserving interprelution
eonclision.

Or alternatively.
(D4 A inference 15 absoluie
counter-example of i axists.

The field of absolutely val
valid rules of inferencet®,
somewhat trivial but not af
shown™ that all absolutely
we shall nced for the logic
many and even somowhat «
——can he reduced to two
and the othér peneralizatios
mean here : evory inlercn
some of the ralcs in quest
observance of these two rules
ing thein many tines in s
the peneralized transitivity 2

In order to furmulate th
intraduce the following abbr

113 ﬂ, é’
instead of * from the prewis
can he deducod * ; and we

* ay, dy, -
imnstead of * from the promis
b can be deduced. [Note
“g U, etc., are variable 24z
names of staterments may be £
statements themselves ; th
from the so-called propositie
propositions. } :

1 The definition is pgmn obviou
if, and only i, every inference drave:
‘18 Cp, my * New Foundations for




msei, A mutual
JICOIFE (Bince an
ut we can hardly
wi can combioe
1g them with the
mutual inference,
erenve, however
1ld later discover
o the conclusion
16 premisca) then
invalid.

then () st be
crence which has
principle wlhich
of the premise o
md this principle

uce @,

5 g1l dlservance,
Lo adiil d) and
, which has the
e up the il lowing

leduce &, and iff
deduce ¢ from .
n uf validity and

carly ot depend
descriplivi: signs.
e exisle is fere a
Areseriiny conler-
t, af course, all
: atatement-pre-

validity does not

formative  and
warnple * fop *f form-
Hin 4,

LOGIC WITHOUT ASSUMPTIONS. 27

' deseriptive signs. Ye shall call these inlerences ** absolulely

valid ”* ; and we deline, tentatively :

(D) dn inferance &5 absviately vafid i, and only o, every state-
meni-pregruing inerpretalion whose premises are frue has @ e
conclusiog.

Ch alternatively. :

(D47 Ar mferense iv absolutely valid if no stotemeni-froserotng
connter-example af it extits.

The field of absolutely valid inferences, und of absolutely
valid mles of inferenec’™, covercd by this defindtion, s
somewhat trivial but not at all unimportant. It can be
ghowm!® that all ahsolutely valid rules of infevence which
we shall need fur the logic ol stalements—and there are
inany and even somewhal complicated rules among them
—ran be teduced o two—rhe one a generalization of (6.1}
aml e oller generalization of (6.2). DBy * reduced ™, T
mean here: every inference which is an obscrvance of
some of the rules in question. can bo shown to be an
observance of these two riles —obtaincd, possibly, by apply-
ing them many times in succession, which is permitted by
the peneralized transitivity rale (62w itsclf,

In order to formulate these two mules more easily, we
mtroduce the fallawing abhreviation @ we shall write

§c i L]
AN
instead of ** from the premises 2, &, ¢ . ..

can be deduced ** ¢ and we shall wrile

a

, Lhe conclusion &

LTV ':‘!m'la' 2

mstead of * from the promises 4, gy, . . . . 4, the conclusion
b can be deduced. (Mote that our variables “ a7, % &7,
* g *, eto., are varisble names ol stalements, ie., that anly
names of statements may be substituted lor them, but not the
statements themsclves ; whis dislinpuizhes these variables
from the so-called proposiiional variables of the caleulus ol
propusitions. } )

12 The delinilion i a;l.:;s-l:in obrious : a rule of inference Es;be'.ulule:;l? valid
if, and omly if, pvery inference drmwn o obzervianee of i1 i3 alsolubeby walid.

13 Cop, ey Wew Frundatinns far Logie,” forthooming in Adiad, 1947,
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Wilke the help of this notarion, we can wrile our twn
generalized rules :
.1 By By o v o gl
provided o, iz idenlicsl with one of the # statcments
Ay B oo dy (insymbols o provided that 1 20 7wl
ih2g) L drom the w premises e, @4 . v 4 4, taken Logether,
ezch of the m statements &y, &, ... b, can be separately
derived, then,

iy, b ... By o then e, oy, . L. g

These two mle:, or rather the svstem comsisbing of
these two rules, ean he easily shown te be absolutely
valid and thoerefore, @ fortioed, valid. They are all the
absolutely valid rules necded for e proof that our finad
deflinitions arc adequate for the logic of proper statements.
In order w-cztend our results o stalement functions, we
need another set of trivial rules which can easily e shown
to he absolutely valid, and which allow us 1o operale wil
the idea ol the vesult of substituting, in some statement fimction,
ane pariable for auether. In order to indicate the clharacler

e
%
of these rules, [ shall wse the symbol “a,lﬁ}?}” as an

abbreviation of “ the result for substituting the variable »
[ the warialile » in the statement function « ™M The
trivial rules mentiomed are all of the character of

(6.3) Ifx =y, lheu afe Ii ;I aml @ .:'. 'T.':l fa

The triviality of this rule will be realized by considering
that, if x = 3, the rosult ol substiluting ¥ [ x in @ leaves 2
completely nuchanged ; or in other words, Uil

" ""I:-"
f1.4 | = q.
6.4} o '\_x;] a

Accardingly, a [:::' and g will be mutually deducible,
LS !

whalever the Ingical form of @ may be ; and this 5 whate

i The symbols ** £ 7 ancl ** 3 sre (variable) agos: of variahles.

W—'—
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16,3 asserts, If we abbroviate * mubially deducilble ™ by
7 defiming

(6,51 a [ [ bif, and only if, 4/6 and i,

then we can wrile (6.3 as follows :

6.6 ai*|/]a

L= o

L]

The triviality of [5.6) i3, in view af (6.4}, quite obvious.

The rules of infercuce (6.3 and (6.6] are clearly not

omly valid, but absolutely valid. For there can he ne

interpretation which preserves siatements, inchiding state=

ment functions, and which renders e by a true statement,
’

A L EChE : By
but not | ';: which, in view ol (6.4} 15 only another name
£y,

for a.28

Our concept of absolute validily, we have seen, 15
independent of the problematic distinction between forma-
tive and descriplive signs.  In addition, it is also posible to
define it in such a manmer that the much less problemacic
concept of truth i afso azeided.  For 1t turns oul that a great
many properties of statements can replace “rue U n our
definition among thew such tivial properlies as © corlain-
ing less than [ive wouds {or dpus) 7, for which we shall
briefly sy “short™. The propertics which muy replace
ruth can be called fheely fnierpretable frofertios, of riefly,
free propecties.  Intuitively speaking® a property Iz called
b free il we are free to vchooso (by an appropriate choice

15 Nt thie, 7 these considneations, Wi never e amything abxet the
logical furas of & {ot even that (el i luncion malhe hen A propr etateniensl,
For & Jist ol similar'y wivial rules which are needed ue deelaping Lhe Tz el
funetinns aoed which can all ba: ghoss fo L sheolutely valid, sew rules G410 to
{6.61 of my D Dogndeions for Logis, (Rule (6.07 and alw {8027 must b

¢ .
amended Ly profimng: I fur every 2 @l |,I-f:'| and i i f":l' then ™0
Cip. note 13,

16 [ 'he srict delindtion 5 ¢ 0 A propoey of steneols i fres propeety if,
arul ondr 3F, tn every ashiira-r division of che slalemons of ) inco oo excluzive
placses A and B, thre coristy o ETALCITIED Ls PIEECT T interpretation whach
interprets all slalcmoonc of A ber staigrnents which posacss vhe propeety in
fueation aricd =il starenesie of 5 Dy sraterents which dix nat presess i’ —
Ag an Muztration, T may alse menlion twn cxamp'es nf propertice of 5 slale-
et 4 sehich ate ned feet (1) o B 2 stalenent of L,."—2) a2 dos
M GCouEin Ieat X after by
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of the trapslation rules) for any individual statement ey of
£, whether or notitshall be interpreted by a statement which
possesscs the property inoguestion.  The strict definition of
* foee property ' [given in note 16) makes use of the term
“ stalement-preserving interprelation . but does not e
any specifie name of a frce property, such as “ short ™ or
“true

Now it ean be shown? that it every stalement-preserving
interpretation transmits ope free property in a cortain
argumnent, then it transmits aff free propertics in this areu-
ment, This allows ws to replace (D41 by
(I, An anference is absolutely valid if, and only if, there exicey
af ecoil one free freperty sueh that every Herberneni=freseroing
inderpretation whose premiser aff possess s free preperty hov a
eonclusion will the same free property.

This deliniion avoids the term ¢ teath i but din the
presence of the definition of © [ree property ) and in view of
the fact that * true ™ designates a free PIOpErty, we can
obtain (1M [rum ()51

Absolute validity cannot replace validity ; 1s main
advuntage is that its definition is free from the cljections
we raised (following Tarshis  sugrestions) against omr
delimition of validite, But helore moing any further, we
may ask whether there are not analogous ohjrerions left.
Adrittedly, absolute validity does no longer tepened oo the
distinetion hetween formalive and deseriptive syms, But

VWGt the belp of the face hat the reladion dizigraled by slalenent
PreacrVing inlerpretation &y transiiie,

YThe tramaition Grorm (T o0 (TR, incleding i effoed oo fDI6Y, correspunds
rouphly tn \he iransicion from 1eoth Pables o alstenct Batrive:, in the geige
ol Lukasewies and Tarski. Tn Caxnaps fermitaligy, it may he deseribed =2
s fromn Crsherad Seredicy 1o Crmeaed Nwifas, sinee ™ tiue © i a Sermantical
cunicepr, Wile *shovt © s Syntactizal 3 % fre property s alsu Syntactical,
fiw 4 £y defined merely wit the help of * sraterne ol reserving interpretation
which, in view of secvion (1 appesss o by a Syntactical vermn (as opposed o
* ferm-preseiving ntcorpretodon ® inle whese delinition U Semantic v
afaproper Canslation cntes), Tut, itmay be aaked, swhzt abant dur assertion
taal tuth i a dree propety * And what about the derivaton of {134 from
(Do Y Allogether, T am very deulainl whe her the disenecon [etwrie
Sernantics and Symmme really fits our approack whicl) i vy lagely mnecs-

* memlingaiside,  (0ur levm © valid 7 Lelengs 1 the meta-rnsial anguage. ) Yer
we may prrhaps describe the wansidon in quesdos as a chiange of emphasis
frein the Semantics of Semaclivs 1o the Semandeg of Syulax,
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docs it not depend npon the distinction between statemenis
and non-statements 7 And s (his distnction not  as
intuitive as the other ¢

The answoer to this Iast question must be * ves . But
the cituation is, nevertheless, not analogous to the one we
have labourcd so hard to avoid.  [nruitive doubts about the
distinclion of formative and descriptive signs may arisc cven
in connection with an artificial laneuage.  As opposed to
this, any doutt whether ar not a certain expression of an
artificial language is a statcment can hardly arise on
intuitive grownds.  (IF at all, then it arises as a very delinile
problem of reconstruction, for example, In order to avoid
cortain paradoxes.,  But the main diffcrence berweon the
two problems i3 this 1 (e distinction between formative
and descriptive fanguages allecls owr central problem—
validity, A given inlerence may be valid or invilid, sceord-
ng to the way we draw the line, This is never Qo case with
the other distinetion, 1t cannot affect the decision as to the
validity oo invalidity of some given inference ; it can only
allecl ithe guestion whether a certain sequence of expressions
is an inference (valid or invalid) or no inference at all.

The problem of validity is always 1 given that Cus is

an inlerence—is it valid 2 Tt is clear that the two questions

the cne ol characlerizing the formarive sigas, the other
ot characrerizing the slalements—have a wery differeny
stamis relative to this problem.  And whiles the solurions of
the: problems of walidity and of [otmative signs are closely
mterdependent, T do not believe thal the problem of validity
amd dhat of statements are likely 0 allect cach other in
any way

T

i)

Absolute validity cannot, of course, replace validity, Its
definilion may be free from Haws, but this advantuge i
bought at a high price. Absolate validity, one 1z lempted
1 say, 18 a property of inforences which are absolutcly
wivial,

Ve Do d,
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We have therefore to return to the problem of validity,
and wilk 11, to that of formative signs.  But we return to
these problems with means ol solving them. By our delini-
tiom ol absclute validity, we have acquired the right to
opetate frecly with all kinds of rules of inference, ar fong ax
these oo nol refer to the lagical form of the statemenls involzed,

With these means at owr disposal, we can not yet define
what we mean when we sav :

* g i3 the negadon of §*°
or perhaps
* iy the digiunetion ol & and ¢ 7,
Bt we do possess the means of defining what we meag
when wo say @
*a hag the wane {logieal] firce as a negation of §
or perhaps
“ & has the same Jlogical) force as a disjunction of &
and o™
We can espress the phruse g has the same {logical)
force as & [ar ' ¢ is equivalent to 71 with the help of
the syvimbol /77, by “a /b, which has been delined
above (6.5] as mutual deducibility.  There is an alvernative
definiton ol equivalence, vie. :
(T a &l and only il
Tor every ¢ ¢ ale il and ooly i, b,

£

Miow just as this delines the phrase @ g has the zame
fovee as &, ahatecer ihe dugivad form of o and b owmav be ) 50 we
can also define the plrease @ o has the same foree az the
negation of b, whalever e logecal form of @ qnd b may be ' Ty 0
T2 a ! the negation of b1 and enly if]

for cvery ¢ @ o, 8 and, if q, o!b then CHR

00,20 defines clasival nereton ;i we replice e last phresc of 1773
by "I &, wfa then ofe ™ we ullein the veration helonging ne Heyting's fn-
tuitioadstie calenlua Both dilinitiens can b proffered at che sano: e, Faat
if, i voe Tanguags, noclaggical s2owel 52 @n nhiiliorisie neration cxisis ol
eviry slaloeene, then the Luter Lecomes eguivacat o e foroer, or in
ol wirds, chasisl mgation s alsnbs or assimdlates Dl weaker ki,
Thas reaack follpavs from the chacrvations made oy paper cuoed in nale
13 wpon rule 4,20, and reaxdilies one nocede Ao that pagpee 3 bt the negntion
belozaring wo Julreon®s " Miciosco: Caleolus ™, 15 oo scbesorbed Bree cligadisl
mewalivn ¢ and che same kolds for the following defiailion of 2 negation whick

LOGIO WITEOLT
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Similarly we can define :
(7.3} a; [ the disjunction of §; and &, if; and valy i,
for every f and &0 g, efn i, and only il &y, /s, and
II'H: -:’.'hl":,'g.

T shall not dliscuss the adequacy of thete and the ather
delimtions mentioned here, since this fnllows [rom material
I have given elsewhore®. | may mention, however, that
the Lwo definitions (V.20 and (7.3), form a sullicient basis

or propesitional lugic  say, [ Russell’s systemn, and that

we can give similar definitions lor all the known compounds
of propositional logic.

Iu order 1o provide for fuoctonal logic, we define
universal and existentinl quantification by a similar methiod,
One of them ds sullicient, in (e presence of (7.2 5 we
choose existential quantification 2
(T4 Provided x s distinet Trar g,

P
| - I/ the result of the existeriial quantification with

[y

o

respect to ol b |-i } il and onldy il
|i ': fe {"j: | if, and only if, & :._ x | e I'i ':u

The definitions gh:-'::"n Feve form o sufficient busis of
propositional and {the lower) [unctional logic, In a sense
which will he explaioed ; but they are given only as illustra-
tions of our method. We can, by (s method, pive ATy

[or eviiry £ 0 il
: Y

smris L grree execllontly with intoitionie intentons althaugh ic 3z oot
eruivalent with that of Ilryiiae’s ealonlus = o) ¢ theimpeegbility nl'é iF and
coly i, for every 73 ale ar Az, aod i 4w, then ole® [ This delnition iz no
Tuwer * purely derivationnd ™ 5 this fact marks the Tensidan oo modal logic.}

M Cpeosabe 13, Tor proposivion:] lugic, voe arfinition —apart finm (7,0
—is sufficient : 2 [} (he alternative denial of & and s il omul ondy if, fhe
wwrry ey 2oty rncd e Mg aad b bl i and aaly i for everv sy s g, wpiey and
ifa, |:’-‘!_|'|:-‘, Unen vy iy Cl:':l:l.:l.l‘_.d.'l.‘.ﬁl wilh {7, s sutficrs (e Junctional lagie § and
combined with fhe deflbutivn ac the ad ol noce 20, foe moedal logic fwhether
propositicnal or functicnal).

# Ivis understocd hat vwo mles ace ol owr cisposal heenze of their
zhenlule validize] which are dessribed, @0 me © Mesr Foumbatdions,™ sy ¢ rles
aof subatilation 7, wnd which read, oo the notstinn of chee Paper:

o e EER e g s o Ny
') ['_u.'l T I'._-;.-I] *amid " If i then o ikgd) - L ] II,‘:,'-']_.I 1

Altervatively, 2 supplernentary delinivon viclding these fwo Tules may b

added 1 [7.4],

2
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more definitions ; not only of the logical force of certain
tormative signs, bt also definilions of such matters as the
exclusiveness (or contradictonness) of a number of state-
ments, ancl of their exhanstiveness (or “logical digjunctness’,
to uge Clarnap’s exprossion).  Ior simplicity’s sake, we
confine ourselves to two statoments, 4 and @, :
{7.5) @ and @ are exclusive i, and only if,
for every by anud by o 1 by fay then, i 6 o, then & (f,.
(1.6) a end a, are exbauslive i, and only if,
for every by and By 0 1Lyl then, if a,/h, then b (6,

These concepls® are intercsting since they provide us
with a delinilion of complementarity :
(7.7 a /[ the complement of 4 if, and cnlyif, @and & are
exhauslive as well as exclusive, :

Now on the hasgis of [7.2) and (7.7 it can be shown that,

il @, /| ihe negation of b, and &,/ [ the complement of &,
then g | ap

Had we known this before, we need not have defined
 complement 7 3 “negation ” would have done just as
well.  Until, however, an cquivalence hetween  two
definitions such as (7.2) and (7.7) is established, wo must
always be carelul 1o use different names,  Auf this, indecd, is
the main precowtion neceszgry. We need nol make sure, in any
ollwer way, Lhat our system of delinitions is consistent.  For
example, we may define (introducine an arbitrarily chosen

191

marne © oppooent 7 :
(7.8 &/} the opponent of b if, and only if,
for every ¢ ¢ Ala and afe,

This delinition has the consequence that cvery language
which has a sign for “opponent of &7 anddogous W e
sign for “ negation of # “—will be inconsistenl (e every
cne of its statements will be paradoxical).  Bul this need
nat lead ws o absnedim (7.8) 3 it only means that no
consistent language will have a sign for ™ opponent of & 7.

&6 Thedr cxctension (o k sl errenis may be iadicated by 2 2y, 00 0o e
enchanstive #, and vnby I, 10 cvery by and By, 100y M, thew, iF a8 Lheo, .- 1
iy gy Them Byl
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Each of our definitions Zi%es Tise 10 2 number of rules of
inference, Tor example, (7.1} gives rise o the rle -
(7.91) Ta [/ then bia.

Similarly (7.2) gives rise to .

(7.92) Ifa | { the negation of b, then if g, /8, 1hen ¢ih.

And [7.3) gives rise o
(.93} Ifgq/ J the disjometion of & and &,, then ffa and b,fa.

To every of these rules we may acdd : iebaiener e
tegical form of the statements meoled wmay fe

AL there vufas are absolutely oalid.  (That i3 to say, if
they are added to b.lg and 6.2g, the nesulling system
absolately valid.) . Why ! Because o StaTement-preserving
coumer-example can he found,  Clonsider (FAT) : since we
Lave lsid dewn, in effocr, that we van replace g fh o
by “als and bf2™, we can in (7.91) replace )y aflld
then ™ by “ el and bfa then ™ 7 and it i clear that no
Slatement-preserving counier-cxample can be tound 10 any
inference drawn in abservance of iy resnlting rule, The
satne holds for all other rules of this kind.

Since we may consicler the definitions themselves as
tules, we may say, therctore, that they are yl] absolutcly
valid.  Whether the coneepts they define are adcquately

defined, is a diffcrent murer 7 this will depend U onr
mtentions,  If, for cxample, wo intend to define sonjunction
{or rather, its logical loree} and use the right hand side
of oar definition of disjunction (7.3) tor this purpose, theu wo
shall have an inadequate definition, But the definition will,
nevertheless, deline surnething— namely just what we usually
would call “* dijunction ** tather than * conjunction *.

So much about these defipitions, We now mirn to the
problem of foruative signs, and of valid inference. W
define :

(7.2%) The language Iy contains a {preceding or succeed-
ing) rign of negation it, and only if it comtaing a sign which, if
Joined to any statement § of £y {placed befure 8, or Placed
alier 5 formz a new stalement ¢ of L, such that thie
resulting staterment o { { the negation of §, in e sense of [7.2),
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Nore thal, according o this definition, I, may contain

more than one sign of negation.
(7.3"]  The language £, conuing a {preceding, or interven-
g, vr succeeding) sign of disjunction i, and only it @t
contains a sign which, it joined to any pait of statements
by and Ay of Ly (placed belore §; followed by &, or placed
between &) and &, or placed ufter b, preceded by 8,1 fhrms
a new slitement « of Lo, such that this resulting statement
a /| the disjuncion of #, and &, in the sense of {7.5).

In the same way, we may define the other formative
signs 3 we can define them as signs which, i ceriain contasts,
Jorm statements of a defimed fngical foree.

Nebnitions such as {7.2"% and 7.3" may he called
mferential definifions. They are churacterized by the zel that
they define a formative sgn by s logical force which is
delincd, in turn, by a definitici in tetnr of fnference (e, ol # /),

1t 35 now easy to define the term = formative sign .

A sign 5 of a language Ly i a formatioe sign if, amd ondy if;
£ can e defineed by an taferendial defintiion,

Aceording o this definition of the torm © formative slamn Y,
the question whether a certaln sign 5 nsed m a certain Wiy
18 lormative remains an cpen guestion until soTeoue cither
produces an inferential definition of 5 or shows, by some
method o other, that such a definivion does not exist (as
cen indeed be done in cerain cases, for cxample, the
negation sign of Johansons mindmum ealeulns;,  But the
reark that this question may verain open does wot
constitute  an  objoton  against our  definition 1 and
capecial [y the fact that inlerential definitions of the intuitively

recogmized [ormative signs of propositional, fanctional, and
cven maodal logie ean be given {as has been shown)
catablishes, il seoms, the adequacy of our definition of ke
termn *f fortmalive sgn

T believe that this definition solves, Bmdamentally, our
crucial problem. It provides o rational basis for the
distinction between lormative and descriptive signs 3 and
“with this, the ohjections ol seetion (4! can now he met.
Our delinilion achieves, however, more than this result. It

LEMEIE W THIoTn)
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also shows the rationslity of the idea of 4 f‘nrm-pr::sen'ing
interpretation, since it Makes it clear that a frirm.

Preserving
interpretation does ot depend on ihe intuitive kuoseledge
possessed by a trandaror

-kis intnibve kiowlerdge of the
meantyr of the firmaive signs of a languae, Tar we see
now that precise translation, rules for fiwmartive sgns can

be obtained [rom theiy definilions, bocaise they ure defined
with the belp ofrules of nlerence which are albisolurely valid,
and becawse abgolire validity, in its tum, depends mevoly
upon (he idea, uf.n_t.'ire:nent-prmﬂ'-ﬂ'ng nterpretations, whici
does not presuppose a kuoswledpe ol langnages.

We can therefore pow adopt the weding of (DAY as pur
Jinal dfmitivn of pafid tference,  OFf course, the words of
(D3 have, in view ot our new resulis, sequired o somiow hat
diflercl meaning, namely, a more precise onc.

Bt it seems that we can, i’ we wish, oo further R 1=
SeEnss that we cun awoid, in view of (D5), even the reference
0 lruth which occurs in the wolding of /T3, by defining :
MG} ddn inforence ie paliy U, and enly {f 8 is sither absolutely
dalid, or if can be Sk, oit e huis af dhe inferentind definition o
He formative sdgns, fo hane been  drawn in pbseroance uf
absolietely valid rufes (inelucing ibase mifich dsfing fhe fopfeal force
af Hae daterments inpal weid 1.

The wording of this definition should be capable of some
Improveement, bnt the ides, | think, s clear ;oamd vonsider—
ing the actual teehniques of eetablishing valid rules of
inference (indicated in My paper dquoted innowe 13) it
seets Lo Le adeguate, A grem problem adTaes, however, T
counection witly ihis definifion, iz, 1 prove, as can be
fone in the case of (13} and (D4), that (D aetually
viclds (D3], that s, gharantecs the transmdssion of tragh,
But this problem st be et for ancther occasian,

(8}
An ohjection whirh may have uoubled the reader for
Is not our jro-
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Thizs may be so @ but does not this deripation assume the

validity of some rules ol nlerence—and probably just of

those which sre to be derived ?

Thiz abjeciion cannt be discassed here in full, for that

would mean a disquisition on the distinction belween
tangnoges and metalanguages, of the geneval status of amy
metalinguistic investigation, and, more particularly, of any
logical invesUgatiom.  Bul a very bricf apswer may be
attemnprted.

If we Investgate such problems as the way ix which
two statements, & and &, are telated—whether the one
follows frarmm the other, ar contradicts the other, or is
complemeniary to it, cte,—then we are MVCSHQALNG Certain
objects which are parts of some langmage, i fimouistic
objeets, TE we wish to study linguistic ulijects, we must discuss
them, and make statements abowl them, as with all other
objects, I we wse vur Ianguage in order to diseuss linguistic
objrats, then we say thar we wse our language as a mefa-
longuage. The language which we study is called the ebfeact
languags {or lauguage under investimarion’,

Now it iz important to realize that we sannot al the same
time use a word, or a4 statement, or am argument, and sdy it
and alwo that Llu studv of words vr statements ]}13314]}]‘}{)5&8
the: unhampered, d]ﬂ'lm]f"h carchul, wse of some lanpuapge in
prociscly the same wity a5 the -ilur:l}r of trees or of mental
processes or of music,

Tt 35 for this reason tlﬂt we should never attempt to
redleet em our melalanguage swhife we are analysing an
object language ; and it is for this reason that we should
not attempt ta analyse the arguments we are using while
crgrgred in analysing the rules of argumentation,

Indeed, i this were not so, then «ff logical investigation
would be impogsible.  For if we wish to study something,
we ¢an, clearly, not begin by giving up the we of all
argumentation ; and logic 5 no exception to this rule.

In deriving rules of inference from definitions, we caunot,
of course, avoid wing mferential arguments, just as In study-
g plants or animals. After we have done our job, we may
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This definition may seem at fist intwitively racher
puzzling.  Dhut i only gives a precise form, in terms of
valid inference, o the somewhat vague intoitive idea that
a statetnent z iz logicully demaonstrahle if, snd only il it i
true merely because of its logical form.  That 2 i lrue
merely becanse of g Togical form can be expressed, mors
clearly, by saying that all stalcments of the same logical
form must be true.  But this meuns that no [orm-preserving
nterpretation of & can be false, snd therefore, that oo
interence witk the conclision & can be invalid, whalever
the premizes may he ; for il oo forme-preserving inter-
pretattion of @ can bhe [alse, then it 15 clear that ae St
frreserving coumler-example can be found.

There are other arguments 10 show that our definition
{9.1) s in keeping with the intuitive idea of demonstration
or pront, and that it brings oul a distinction between
dertvation {i.e., non-clemonstrative inlerence) and demansira-
tion which lis been olicn neglected by lopicians.2t

A dertvation never cstablishes the truth of the conclusion
It only establishes the Lact that the question whether or mol
the conclusion is true can he shifled back Lo the fuestion
whether or not the premises are all true,  Thus, if we find
that the conclusion is fulac, this does nar shuw that the
argument, the derivation is invalid—it only shows that at
least ome of the premises must he fale.

With a proofit is dillerent. W sowmebody tells us that he
has proved o, and we lid that ¢ iz false, then, clourly,
something must have been wrong with (e argurnenl, wick
the proof.  In other words, wo use the word o proof ™
intuitively in such @ way that a prool st he invalid if
the proved statement isfilse, A counter-example establishing

=L distinction between derivation 2ndl prool hes been emphasized by
Carnap (in his fogiel Seafer. 1834 and 1937 veed] 03 i1 his Fetrodwciion &
Someurlpn], e coealment agrees fandarne vowith hix rescits hal soes
beyone them, in o far e our lwedment of the (heory of desivation § 1L
melependent of che Licl whether or s there are demenstrable ssienens 1o
W lamguass under cousiclevsidion, whils Carcap’s troaiment of deri
makes rsantial wse of eortain mile of dedvation which zre only reformulation
of axioms ; op. his fofreduction, 5. 167, and his Fotwligatien of Togi p. B,
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